Chapter 9

Viscosity solutions for the dynamic
programming equation

9.1 Viscosity solutions for parabolic PDEs

Let F be an operator from [0,7] x R” x R x R x R™ x §" into R where S"
stands for the set of n-dimensional symmetric matrices. In this chapter, we will

be mostly interested by the case

F(t7$7u7Q7p7M) = _Sup{Ea[t7'r7u7Q7paM]+f(Iaa>}
acA
where
1
Ea[tvxaan7p7M] = Q+b(x7a)'p+ETr<O-O-T(I7a)M)

for (t,z,u,q,p, M) € [0,T] x R" x R x R x R™ x S™ where the coefficients
b,o and f and the set A are those of the previous chapters and satisfy the related
assumptions. This case is called the HIB case.

In the sequel, we assume that F' is an elliptic operator, that is, F' is nonincreas-
ing in the the variable M. We are interested in the PDE

F(t,z,u(t,z), 0wu(t, z), Vu(t,z), Viu(t,z)) = 0 (9.1.1)
for (t,z) € [0,T) x R™, together with the terminal condition
wT,z) = g(xz), xeR". (9.1.2)

Our objective is to give a notion of weak solution to such a PDE.
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Definition 9.1.1 (i) A continuous function w : [0,T] x R" — R is called a
viscosity subsolution to (9.1.1) if for any function p € C*2[0,T] x R") and
(t,x) € [0,T) x R™ such that

0 = (w=9)tr) = max (u-—y)

we have

F(t,z,0(t,z), 00t 2), Vop(t, z), Vip(t, z)) < 0.

(ii) A continuous function v : [0, T|xR"™ — R is called a viscosity supersolution
10 (9.1.1) if for any function ¢ € C*2[0,T] x R") and (t,x) € [0,T) x R"
such that

0 = (w=9)tz) = min (u-y)

we have

F(t,.:z:,go(t,:z:),(’?gp(t,x%Vgp(t,x),Vng(t,:E)) > 0.

(iii) A function v : [0,T] x R" — R is called a viscosity solution to (9.1.1) if it

is a viscosity subsolution to (9.1.1) and a viscosity supersolution to (9.1.1).

9.2 Viscosity properties of the value function

We consider the HIB case for PDE (9.1.1) and the value function v defined by
(6.1.3).

Theorem 9.2.1 The value function v is a viscosity solution to (9.1.1) and satisfies
(9.1.2).

Proof. The fact that v satisfies (9.1.2) comes from its definition. We turn to the
viscosity properties.

Step 1. Subsolution property. Let (£, #) € [0,T) x R" and ¢ € C*2([0,T] x R™)
be such that

0 = (v—y)(t,2) = max (v—). (9.2.1)



9.2. VISCOSITY PROPERTIES OF THE VALUE FUNCTION 51

We proceed by contradiction and assume that

—sup {L%(t,2) + f(Z,a)} > 2n

acA

for some 7 > 0. By continuity of the coefficients, we can find r € (T — ¢, T') such
that

—sup {Eago(t,x) + f(=x, a)} > n (9.2.2)

a€A

for (t,2) € B := B(t,r) x B(&,r). Without loss of generality, we can assume
that the minimum in (9.2.3), is strict and that
—p) < —-n.
max(v —¢) < -7
Let v be the first exit time of (s, X%®%) 5, from B. From the DPP, there exist a
control & € A; such that

. . 0 )
v(f.2) < E[v(0, X7 + [ p(xies, a.)ds| + 7.
t 2
From the previous inequalities, we get
~ A 0 ~
o(f.3) < E|p(8,X5") - n+ | F(x4 6,)ds +7.
t

Applying 1t6’s Lemma to ¢, we get

0 ) )
0 < —T4B| [ (£7(s, XI7) + F(XI744,))ds]
t

Using (9.2.2) we get

1

0 < —=.

- 2
Step 2. Supersolution property. Let (¢, z) € [0,7) xR" and ¢ € C*?([0, T] x R")
be such that
0 = (v—9p)(t,z) = [071%13@(1) —p). (9.2.3)

Fix a € A and denote by & the control constant equal to a. From the dynamic

programming principle we have

. t+h .
v(t,x) > E[U(Xé’gc’a)vL/ f(X;i’x’O‘,a)ds}
¢
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for h € (0,T — t). Using (9.2.3), we get

e t+h o
o(t,z) > E{cp(t +h, X050) —|—/ f(XS"E’a,a)ds}
t
Applying 1t6’s formula and diving by A > 0, we get

1 t+h R R
0 > SB[ [ [£(XEma) + (X0, )] ds]

Sending h to 0+, we get by the mean value theorem
E“go(t,x) + f(x,a) < 0.

Since this holds for all a € A, we get the supersolution property.

9.3 Comparison and uniqueness

We first have the following result which allow to compare a supersolution and a

subsolution as soon as we can compare their values at the terminal time 7'.

Theorem 9.3.1 Let U (resp. V) € C*([0,T) x R™) N C°([0,T] x R") be a
subsolution (resp. supersolution) with polynomial growth to (9.1.1) in the HIB
case. IfU(T,.) < V(T,.)onR", then U <V on [0,T] x R".

Proof. We present the proof in the regular case. The proof for viscosity solutions
uses an additional result called Ishii’s lemma which gives a similar condition to
second order optimality condition. We proceed in 3 steps.

Step 1. Let U(t,z) = eMU(t,z) and V(t,z) = eV (t,z). Then a straightfor-
ward calculation shows that U (resp. V) is a subsolution (resp. supersolution)

to
F(t,z,w,0u(t,z), Vu(t,z), Vu(t,z)) = 0 (9.3.1)
with
F(t,x,u,q,p,M) = —31615 {ﬁ“[t,x,u,q,p, M] + f(t,x,a)} ,
L%t x,u,q,p,M] = q+b(z,a)p+ ;TI"(O’O’T(Z’, a)]\/[) —\u ,

ft,z,a) = e'f(z,a)
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for (t,x,u,q,p, M) € [0,T] x R* x R x R x R* x §" and a € A.

Step 2. From the polynomial growth of U and V', we may choose an integer p > 1
such that

Ult Vit
sup \U(t, z)| + |V (t, )]

400,
(t,2)€[0,T]xR" 1+ [z

and we consider the function ¢(t,z) = e (1 + |z|*?) =: e *4)(x). From the
linear growth condition on b and o, a straightforward computation shows that there

exists some constant ¢ > 0 s.t.

—@¢@,m-%xﬂmx)—smﬂm@ayv¢@,m-%;Tdaawx¢wvamux»

acA

> e M)A o).

By taking A > ¢, the function ‘75 =V + €¢ is a supersolution to (9.1.1) for any
e > (. Moreover, from the growth conditions on U, V' and ¢, we have

lim sup (U —V.)(t,z) = —o0. (9.3.2)

2| =400 tefo0,77]
forall e > 0.

Step 3. We finally argue by contradiction to show that 7 — V. < 0 on [0, 7] x R"
for all € > 0, which gives the required result by sending € to 0. On the contrary,
by continuity of U — V., and from (9.3.2), there exists ¢ > 0, (t,z) € [0,T] x R"
such that

sup (U—-V.) = (U—-V.)(t,z) > 0. (9.3.3)

[0,T]xR™

Since (U — V.)(T,.) < (U — V)(T,.) < 0 on R", we have t < T. Therefore, the

first and second order optimality conditions (9.3.3) give

i
(S1
|
o
~
G
A

< 0,
V<U_ s)(tax) = 07
VHU -V)(t,z) < 0.

By writing that U (resp. f/g) is a subsolution (resp. supersolution) to (9.3.1), and
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recalling that Fis nondecreasing in its last argument, we then deduce that

AU - Vo)(t, z)
< F(t,z,8,0(t ), VU(tz), VU (¢ 2))

CF(t,z,0V.(t,x), VV.(t, x), V2V.(t, 7))
< 0

which contradicts (9.3.3).

Corollary 9.3.1 The value function v is the unique viscosity solution to (9.1.1) in
the HIB case satisfying (9.1.1) and having polynomial growth.

Proof. We simply need to prove that v has polynomial growth. It actually follows

from the polynomial growth assumption on f and g and Proposition (6.1.1).



