Chapter 8

Dynamic programming

8.1 Dynamic programming principle
We can now state the DPP.

Theorem 8.1.1 (Dynamic programming principle) The value function v satisi-

fies

0&

v(t,) = supE {v(@o‘, ng’a> + / fXEme as)ds}
acA; t

for any (¢, z) € [0, T] x R™ and any family of stopping times {6, o € A} valued

in [t, T).

Proof. To alleviate notations, we omit the dependence of 6 in a. We proceed in

two steps by proving that each term of the equality is greater than the other.

Step 1. Fix (¢,z) € [0,7] x R™ and o € A;. By the conditioning property for

controlled diffusions, we can find for P-a.a. w € €2 a control &* such that

Blg(xi) + [ F(X, a)ds| 7] @)

0(w)
- J(@(w),Xg’x’a(w),oz“’) +/ FXE5 a,)ds .
¢

Since J < v, we get from the tower property

0
v(t,z) < sup E{U(Q,X;’x’a) +/ f(Xﬁ’w’a,as)ds} :
¢

ac Ay
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Step 2. We now prove the reverse inequality. Fix o € A, (to,z0) € [0,7) x R", a
ball By = B((to, xo), r) of radius r centered on (¢, zo) and fix a compact subset ©
of [0,7] x R™ such that By C O. Let (B,,),>1 be a partition of © and (¢,,, x,,)n>1
be a sequence such that (¢,,z,) € B, for each n > 1. By definition, for each
n > 1, we can find o™ € A such that

J(tp, xp, ) > v(ty, z,) — € (8.1.1)

with £ > 0. Moreover, from the local uniform continuity of J(., «) and v, we can
chose (t,, T, Bn)n>1 such that

B, C [tn—n,ty] x B(z,,n)
for some n > 0 and
[v(.) —v(tn, zp)| + |J (o) — J(tn, Tn, )] < conB,. (8.1.2)
Let us now define the stopping time
9 = inf{s € [to,T] : (5, X" & By} A0
where 6 is a given stopping time valued in [to, 7']. We next define the control & by
a = aplico+ Liso( > aft pxtones ) 120,

Since o is independent of F;, for each n > 1, we get from (8.1.1) and (8.1.2)

_ 9 _
Jlto,30,6) > E[J@, X% a) + [ fxiome a,)ds|
0

> E ) <J(tn,xn,a”) —e+

| n>1 to

9
f(Xzo,oco,oa, as)d5> ]1(19,)(;;0’””0"”)6371]

9
> E Z(v(tn,xn)—%—i— ) f(Xﬁ"’“"’a,ozs)ds>]lw7xgo,zo,a)63n]
0

| n>1

9

> E[o(@, Xpo) 4+ [ (X000 a,)ds| 3.

to
Therefore, we get
¥
oltewe) = Elo(@, Xy + [7f(X0m00 a,)ds]
to

Letting r — 400, we get ¥ — 6 and by dominated convergence, we get

0
olto o) = E[u(0, X% + [ f(xim2, a,)ds)
0
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8.2 HJB equation

We prove in this section that, if v is smooth enough, it solves a PDE called the
Hamilton Jacobi Bellman (HJB) equation. More precisely, define the second order

local operator L%, for a € A by
1
Li(t,z) = Owp(t,x) +b(t,x,a).V(t,z)+ §Tr(o(t, z,a)o’ (t,z,a)V3p(t, z))

for (t,2) € [0,T) x R" and p € C**([0,T) x R™). Then, the HIB equation takes

the following form

sup {L%(t,z) + f(z,a)} = 0, (t,z)€[0,T)xR"  (82.1)

acA
together with the terminal condition
v(T,z) = g(x), ze€R". (8.2.2)
To simplify notations, we denote by H the operator defined by
Helt,x) = sup {L%(t2) + f(z,a)}
for (t,z) € [0,T) x R"and ¢ € C12([0,T) x R™).

Theorem 8.2.1 Suppose that v € C([0,T] x R") N CY2([0,T) x R™). Then, v is
a solution to (8.2.1)-(8.2.2).

Proof. Fix (t,x) € [0,T) x R and assume that Hv(t, ) # 0. We then distin-

guish two cases and work toward a contradiction in each of them.

Case 1: Hu(t,xz) > 0. Let a € A such that
Li(t,x) + f(x,a) > 0.

By continuity of the involved functions, there exists a compact neighborhood V' C
[0,7) x R™ of (¢, z) such that

Li0()+ f(,a) > OonV . (8.2.3)
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Let @ = a, be the constant control of A equal to a, and 6 be the first exit time of

(s, XL%) from V. From Itd’s formula we have
0
E {v(@, Xg™) + / JIC. G as)ds}
t

0
= o(t,x) + ]E{/ (,CGU(S, Xz,x,oc) + f(X?cc,oz’ a))ds} .
t
In view of (8.2.3) and since 6 > 0 a.s., this contradict the DPP.

Case 2: Huv(t,z) < 0. Still using the continuity of the involved functions, this

implies
Hv < O
onV := B((t,z),r) C [0,T) x R™. Moreovero, for r small enough, we also have
Hw < OonV (8.2.4)
where the function w is defined by
w(s,y) = v(s,y) +(s—t)+|y—af, (s,9)€[0,T)xR".

For a € Ay, let 0 be the first exit time of (s, X**%) from V. Using Itd’s formula
and (8.2.4), we have

E{w(@,Xg’x’O‘) + /t@ f(Xﬁ’x’a,as)ds}

— wit,r) + E[/te (Cow(s, X15) + F(XE5, a))ds]

< w(t,z) .
From the definition of w and 0, it follows that

v(t,r) > E{(@ — 1)+ | X" — x|2}

+E {U(@,X;’x’a) + /tG f(Xz’x’a,ozs)ds} :
We then notice from the definition of 6 that
O —1t)+ | X" —2]* > 7% > 0.
Therefore, we get
v(t,r) > 1+ E{U(G,X;’”“”“) + /te FXE™ a,)ds|

for any control o € A;. This contradicts the DPP.



