
Chapter 4

Itô processes

4.1 Definition and properties

We introduce a new class of process with respect to which we can extend the
stochastic integration.

Definition 4.1.1 An Ito process is a process of the form

Xt = X0 +
Z t

0
's ds +

Z t

0
✓s dBs , t 2 [0, T ] , (4.1.1)

with X0 F0-measurable, ✓ and ' two F-adapted processes satisfying the integra-

bility condition

Z T

0
|✓s|

2ds < 1 a.s. and

Z T

0
|'s|ds < 1 a.s.

We also write

dXt = 't dt + ✓t dBt

Proposition 4.1.1 The decomposition (4.1.1) of an Ito process X with ✓ and '

satisfying condition (CI) is unique.

Proposition 4.1.2 The quadratic variation of an Ito process X with decomposi-

tion (4.1.1) is given by

hXit =
≠Z .

0
✓s dBs

∑

t
=

Z t

0
✓2s ds

for all t 2 [0, T ].
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Proposition 4.1.3 The quadratic covariation between two Ito processes X1
et X2

with decomposition

dX i
t = 'i

t dt + ✓it dBt

is given by

hX1, X2
it =

Z t

0
✓1s ✓

2
s ds

Definition 4.1.2 Let X be an Ito process given by (4.1.1) with ✓ and ' satifying

condition (CI). For process � 2 L2
F(⌦, [0, T ]) satisfying

E
î Z T

0
|�s's|ds

ó
< 1

and

E
î Z T

0
|�s✓s|

2ds
ó

< 1 .

For t 2 [0, T ], we define the stochastic integral of � w.r.t. X on [0, t] by

Z t

0
�s dXs :=

Z t

0
�s ✓s dBs +

Z t

0
�s 's ds .

4.2 Itô’s formula

Theorem 4.2.1 Let f be a C2
function. Then we have

f(Xt) = f(X0) +
Z t

0
f 0(Xs) dXs +

1

2

Z t

0
f 00(Xs) dhXis

= f(X0) +
Z t

0
f 0(Xs)'s ds +

Z t

0
f 0(Xs)✓s dBs +

1

2

Z t

0
f 00(Xs) ✓

2
sds

for all t 2 [0, T ]. The infinitesimal notation of this relation is given by

df(Xt) = f 0(Xt) dXt +
1

2
f 00(Xt) dhXit

Proposition 4.2.1 (Stochastic integration by part formula) Let X and Y be two

Ito processes. Then we have

XtYt = X0Y0 +
Z t

0
XsdYs +

Z t

0
YsdXs +

Z t

0
dhX, Y is

for all t 2 [0, T ]. The infinitesimal notation for this formula is given by

d(XY )t = XtdYt + YtdXt + dhX, Y it
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Different forms for Ito’s formula

1. For the Brownian motion with f 2 C2(R):

f(Wt) = f(W0) +
Z t

0
f 0(Ws) dWs +

1

2

Z t

0
f 00(Ws) ds

2. For an Ito process with f 2 C2(R):

f(Xt) = f(X0) +
Z t

0
f 0(Xs) dXs +

1

2

Z t

0
f 00(Xs) dhXis

3. For an Ito process with f 2 C1,2([0, T ]⇥ R)

f(t,Xt) = f(0, X0) +
Z t

0

@f

@t
(s,Xs) ds +

Z t

0

@f

@x
(s,Xs) dXs +

1

2

Z t

0

@2f

@x2
(s,Xs) dhXis

4. For a multi-dimensional Ito process with f 2 C1,2([0, T ]⇥ Rd):

f(t,Xt) = f(0, X0) +
Z t

0

@f

@t
(s,Xs) ds+

dX

i=1

Z t

0

@f

@xi
(s,Xs) dX

i
s

+
1

2

dX

i=1

dX

j=1

Z t

0

@2f

@xi@xj
(s,Xs) dhX

i, Xj
is
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