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E ELEOLRJUDSKLH

0 Eurfnzhoo/ S1/ Gdylv/ U1 = Lqwurgxfwlrq wr Wlph Vhulhv dqg Iruhfdvwlqj1 4<<9/ Vsulq0
jhu1

0 Eurfnzhoo/ S1/ Gdylv/ U1 = Wlph Vhulhv = Wkhru| dqg Phwkrgv1 51 Hg1/ 4<<4/ Vsulqjhu1

0 Fu|hu/ M1G1/ Fkdq N1V1 = Wlph Vhulhv Dqdo|vlv Zlwk Dssolfdwlrqv lq U1 51 Hg1/ 533;/
Vsulqjhu1

0 Jrxulhurx{/ F1/ Prqiruw/ D1 = Vìulhv Whpsruhoohv hw Prgëohv G|qdpltxhv1 51 Hg1/
4<<8/ Hfrqrplfd1

0 Dudjrq/ \1 = Vìulhv whpsruhoohv dyhf U1 5349/ Froohfwlrq Sudwltxh U/ HGS vflhqfhv1
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4 Lqwurgxfwlrq dx{ vìulhv whpsruhoohv = gì�qlwlrqv hw
h{hpsohv

414 Gì�qlwlrqv

E Xqh vìulh whpsruhooh +rx fkurqrorjltxh, hvw xqh vxlwh irupìh g*revhuydwlrqv uìjx0
olëuhphqw hvsdfìhv dx frxuv gx whpsv1

E Od gì�qlwlrq pdwkìpdwltxh dgìtxdwh srxu o*ìwxgh gh whoohv vxlwhv frqvlvwh ã ohv
frqvlgìuhu frpph xqh uìdolvdwlrq sduwlfxolëuh g*xqh idplooh gh yduldeohv doìdwrluhv
[ ' t[w�wMP gì�qlhv vxu xq hvsdfh gh suredelolwì El>�>S� rü P hvw xq hqvhpeoh
gh gdwhv glvfuëwhv ìtxluìsduwlhv +jìqìudohphqw P ' Q rx ],

P f l < U
Ew> $� p< [wE$� ' {w

Rq dsshooh wudmhfwrluh gh [ od frxueh w p< {w srxu w M P1



H[HPSOHV =

Gdqv ohv vflhqfhv dssoltxìhv +folpdwrorjlh/ ìfrqrplh/ �qdqfh/ gìprjudsklh/11,/ rq
hvw vrxyhqw dphqì ã glvwlqjxhu ghx{ w|shv gh yduldeohv =

0 ohv yduldeohv gh qlyhdx rx g*ìwdw = xqh revhuydwlrq uhsuìvhqwh xq ìwdw ã xq
prphqw grqqì +h{ = sul{/ whpsìudwxuh/111,/

0 ohv yduldeohv gh  x{ = xqh revhuydwlrq uhsuìvhqwh xqh �yduldwlrq� vxuyhqxh
gxudqw xqh sìulrgh grqqìh +h{ = frqvrppdwlrq/ uhqwdelolwì g*xq dfwli/111,1

Od uhsuìvhqwdwlrq judskltxh g*xqh vìulh whpsruhooh vh idlw vrxv iruph g*xq judskltxh
rü oh whpsv hvw hq devflvvh hw ohv ydohxuv gh od yduldeoh hq rugrqqìh1 Ohv srlqwv vrqw
uholìv sdu ghv vhjphqwv gh gurlwh1
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� Vrxv

O*remhw wv +wlph vhulhv, hvw o*remhw vìulh whpsruhooh gx odqjxdjh U1 Lo | d flqt dujxphqwv
sulqflsdx{ =

0 4 srxu ohv grqqìhv gh od vìulh = gdwd >

0 7 srxu ohv gdwhv = vwduw +od gdwh gh gìsduw,/ hqg +od gdwh gh �q,/ iuhtxhqf|
+od iuìtxhqfh g*ìfkdqwloorqqdjh rx oh qrpeuh g*revhuydwlrqv sdu xqlwì gh whpsv,/
ghowdw +od sìulrgh hqwuh ghx{ revhuydwlrqv vxffhvvlyhv,1

H[HPSOH =

A vhulhwhps ?0 wv+gdwd @ uw+583/ gi @ 43,/ vwduw @ 4/ iuhtxhqf| @ 4,

A sorw+vhulhwhps/ |olp @ f+08/8,/ |ode @ %%/ {ode @ %%/ pdlq @

%Uìdolvdwlrqv gh yduldeohv doìdwrluhv llg gh orl gh Vwxghqw ã

43 ghjuëv gh olehuwì%,
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415 Sureoëphv vwdwlvwltxhv

E Ghvfulswlrq = gìfrpsrvhu od vìulh +whqgdqfh/ vdlvrqqdolwì/ euxlw, srxu lvrohu ohv
sursulìwìv lpsruwdqwhv gh od vìulh1

E Suìylvlrq = suìyrlu [Wnk ã sduwlu gh o*revhuydwlrq gh od vìulh mxvtx*ã od gdwh W
+k @ krul}rq gh suìylvlrq,1

E Ilowudjh = wudqviruphu od vìulh gh pdqlëuh ã ìolplqhu fhuwdlqhv fdudfwìulvwltxhv +h{ =
ydohxuv dehuudqwhv,1

E Wudlwhphqw ghv grqqìhv pdqtxdqwhv = hvwlphu ghv ydohxuv shugxhv gh od vìulh1

E Ghwhfwlrq gh uxswxuh = gìwhuplqhu ohv lqvwdqwv rü ohv sdudpëwuhv gh od vìulh vh
prgl�hqw1

E Fdxvdolwì = gìwhuplqhu vl xqh vìulh ã xqh lq xhqfh lqvwdqwdqìh rx gìfdoìh vxu xqh
dxwuh1

E 111



416 Prgìolvdwlrq hw prgëoh fodvvltxh gh gìfrpsrvlwlrq

Lpsruwdqw = Xq prgëoh hvw wrxmrxuv xqh lpdjh vlpsol�ìh gh od uìdolwì1 Xq prgëoh
q*hvw sdv phloohxu tx*xq dxwuh wdqw txh o*rq q*d sdv suìflvì xq fulwëuh gh frpsdudlvrq1

Lo hvw srvvleoh g*ìfuluh xqh vìulh whpsruhooh frpph ìwdqw xqh irqfwlrq gìwhuplqlvwh
gx whpsv w hw g*xq doìd \w gh pdqlëuh ã vìsduhu fh txl uhoëyh gx suìylvleoh hw gh
o*doìdwrluh

[w ' iEw> \w�=

Fhwwh uhsuìvhqwdwlrq hvw fhshqgdqw wurs jìqìudoh hw suìvxssrvh txh od irqfwlrq i hvw
frqqxh/ fh txl q*hvw sdv oh fdv hq jìqìudo1



Gdqv oh fdguh gh fh frxuv/ rq vxssrvhud tx*lo hvw srvvleoh gh gìfrpsrvhu od vìulh hq
wurlv whuphv =

[w ' pw n Vw n \w

0 pw hvw xqh whqgdqfh gìwhuplqlvwh/

0 Vw hvw xqh vdlvrqqdolwì gìwhuplqlvwh/

0 \w hvw xqh yduldeoh2shuwxuedwlrq doìdwrluh txl uhsuìvhqwh od frpsrvdqwh +%hu0
uhxu%, qrq v|vwìpdwltxh/ gh pr|hqqh qxooh/ hw txl/ vrlw srvvëgh xqh vwuxfwxuh gh
fruuìodwlrq qrq qxooh hw vwdeoh gdqv oh whpsv +vìulh vwdwlrqqdluh dx vhqv idleoh/ yrlu
gì�qlwlrq gdqv od vhfwlrq vxlydqwh,/ vrlw srvvëgh xqh vwuxfwxuh qrq0vwdeoh pdlv txl
shxw íwuh prgìolvì sdu xq surfhvvxv vlpsoh1

Lo hvw vrxyhqw qìfhvvdluh g*h�hfwxhu xqh wudqvirupdwlrq vxu ohv grqqìhv lqlwldohv srxu
rewhqlu xqh vìulh srxu odtxhooh od gìfrpsrvlwlrq �dssdudñw frpph ydolgh� +wudqviru0
pdwlrq sdu xqh irqfwlrq gìwhuplqlvwh/ gl�ìuhqwldwlrq/111,1



Od prgìolvdwlrq gh od frpsrvdqwh doìdwrluh hvw od sduwlh od soxv gl!floh/ pdlv dxvvl
od soxv lqwìuhvvdqwh1 Hooh frqvlvwh ã wurxyhu xqh uhsuìvhqwdwlrq gx w|sh vxlydqw

\w ' kE\w3�> = = = > \w3s> %w> = = = > %w3t�

rü

0 k hvw xqh irqfwlrq �vlpsoh� +jìqìudohphqw olqìdluh hw2rx pxowlsolfdwlyh,

0 s hw t qh vrqw sdv wurs �judqgv� srxu txh k qh vrlw sdv wurs gl!floh ã hvwlphu/

0 E%w� hvw xqh vìulh lqgìshqgdqwh gh E\w� rx qrq0fruuìoìh ã E\w� hw txl qh
suìvhqwh sdv g*dxwrfruuìodwlrq gdqv oh whpsv/ l1h1 ohv yduldeohv doìdwrluhv qh vrqw sdv
fruuìoìhv hqwuh hoohv +euxlw eodqf idleoh/ yrlu gì�qlwlrq gdqv od vhfwlrq vxlydqwh,1



417 Surfhvvxv vwdwlrqqdluhv

Fkrlvlu xq prgëoh gh vìulhv whpsruhoohv/ f*hvw �{hu ghv k|srwkëvhv vxu od orl mrlqwh rx
vlpsohphqw vxu ohv pr|hqqhv hw fryduldqfhv +rq sduoh gh sursulìwìv gx vhfrqg0ruguh,
gh od vxlwh gh yduldeohv E[w�1

Xqh vìulh E[w� hvw vwdwlrqqdluh vl vhv sursulìwìv suredelolvwhv vrqw ohv píphv txh
fhoohv gh od vìulh E[wnk�/ srxu wrxw hqwlhu k1

GHILQLWLRQ =

E[w� hvw vwdwlrqqdluh dx vhqv vwulfw +rx iruw, vl

E[�>[2> ===>[n� d píph orl txh E[�nk>[2nk> ===>[nnk�

srxu wrxw k hw wrxw n D � whov txh Ek> n� M P f P1



Od vwdwlrqdulwì dx vhqv vwulfw vh frqvhuyh sdu wudqvirupdwlrq gìwhuplqlvwh1

SURSRVLWLRQ =

Vl E[w� hvw xq surfhvvxv vwdwlrqdluh dx vhqv vwulfw doruv srxu wrxwh irqfwlrq i G Un <
U/ oh surfhvvxv E\w� gh�ql sdu

\w ' iE[w> ===>[w3n�

hvw dxvvl vwdwlrqqdluh dx vhqv vwulfw1

Od vwdwlrqqdulwì dx vhqv vwulfwh lpsrvh txh ohv orlv gh wrxv ohv[w vrqw ohv píphv1 Fhfl
shxw dssdudñwuh frpph wurs frqwudljqdqw +hq suìylvlrq qrwdpphqw,/ rq oxl suìiëuh
doruv od qrwlrq gh vwdwlrqqdulwì gx vhfrqg ruguh +rx idleoh,1



GHILQLWLRQ =

Vrlw E[w� whooh txh Hd[2
w o ? " srxu wrxw w1 Od irqfwlrq pr|hqqh gh E[w� hvw gì�qlh

sdu

�[Ew� ' Hd[wo=

Od irqfwlrq fryduldqfh gh E[w� hvw gì�qlh sdu

�[Eu> v� ' FryE[u>[v�=

GHILQLWLRQ =

E[w� hvw vwdwlrqqdluh dx vhfrqg0ruguh vl

+l, w p< �[Ew� hvw lqghshqgdqwh gh w/

+ll, w p< �[Ew> wn k� hvw lqghshqgdqwh gh w/ srxu wrxw k1



GHILQLWLRQ =

Vrlw E[w� xqh vìulh vwdwlrqqdluh +dx vhfrqg ruguh,1 Od irqfwlrq g*dxwrfryduldqfh gh
E[w� hvw gì�qlh sdu

�[Ek� ' FryE[w>[wnk�> k ' f>��>�2> ===

Od irqfwlrq g*dxwrfruuìodwlrq gh E[w� hvw gì�qlh sdu

�[Ek� '
�[Ek�

�[Ef�
' FruE[w>[wnk�> k ' f>��>�2> ===

SURSULHWHV =

41 �[Ef� D f/ ��[Ek�� $ �[Ef� srxu wrxw k/ �[Ek� ' �[E3k�/ srxu wrxw k

51 �[Ef� ' �/ ��[Ek�� $ � srxu wrxw k hw �[Ek� ' �� vvl lo h{lvwh xqh uhodwlrq
olqìdluh hqwuh [f hw [k/ �[Ek� ' �[E3k�/ srxu wrxw k1



61 Ohv irqfwlrqv g*dxwr0fryduldqfh hw g*dxwrfruuìodwlrq vrqw vhpl0gh�qlh srvlwlyhv
gdqv oh vhqv vxlydqw = srxu wrxw q M Q/ wrxv yhfwhxuv d ' Ed�> ===> dq� gh Uq hw
Ew�> ===> wq� gh Pq/

q[

l>m'�

dl�[Ewl 3 wm�dm D f
q[

l>m'�

dl�[Ewl 3 wm�dm D f1

Rq shxw hq gìgxluh/ hq sduwlfxolhu/ txh �2[E�� $ � hw txh E�3�[E2��E�n�[E2�3
2�2[E��� D f/111

UHPDUTXHV =

41 Vl E[w� hvw vwdwlrqqdluh dx vhqv vwulfw hw vl Hd[2
w o ? "/ doruv E[w� hvw vwdwlrqqdluh

dx vhfrqg0ruguh1

51 Vl E[w� hvw xq surfhvvxv Jdxvvlhq/ l1h1 vl srxu wrxw q M Q hw wrxw Ew�> ===> wq� gh
Pq E[w�> ===>[wq� d xqh glvwulexwlrq Jdxvvlhqqh/ doruv ohv qrwlrqv gh vwdwlrqqdulwì dx
vhqv vwulfw hw dx vhfrqg ruguh fròqflghqw1



H[HPSOHV GH SURFHVVXV VWDWLRQQDLUHV =

GHILQLWLRQ G*XQ EUXLW EODQF =

41 Xq euxlw eodqf iruw hvw xqh vxlwh E%w� gh yduldeohv llg +lqgìshqgdqwhv hw ìtxlglvwul0
exìhv,/ fhqwuìhv hw gh yduldqfh �2 �qlh1 Rq qrwh E%w�# EEI Ef> �2�1

51 Xq euxlw eodqf +idleoh, hvw xqh vxlwh E%w� gh yduldeohv fhqwuìhv/ gh yduldqfhv
frqvwdqwhv hw qrq fruuìoìhv =

Hd%wo ' f> YduE%w� ' �2> FryE%w> %w�� ' f> srxu w �' w�=

Rq qrwh E%w�# EEEf> �2�1 Vd irqfwlrq g*dxwrfryduldqfh hvw grqqìh sdu

�%Ek� '

+
�2> k ' f>
f> k �' f=



%UXLW�%ODQF�*DXVVLHQ
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GHILQLWLRQ G*XQ SURFHVVXV PR\HQQH PRELOH G*RUGUH 4 =

Xq surfhvvxv E[w� hvw xqh pr|hqqh preloh g*ruguh � +PDE��, vl

[w ' pn %w n �%w3�> E%w�# EEEf> �2�1

Rq d

Hd[wo ' p> YduE[w� ' �2E� n �2�>

hw

�[Ek� '

;
A?

A=

� k ' f
�@E� n �2� k ' ��

f �k� A �
=



0R\HQQH�0RELOH�G
RUGUH��
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GHILQLWLRQ G*XQ SURFHVVXV DXWRUHJUHVVLI G*RUGH 4 =

Xq surfhvvxv E[w� hvw xq dxwruhjuhvvli g*ruguh � +DUE��, vl

[w ' *[w3� n %w> E%w�# EEEf> �2�> �*� ? �>

hw vl %w hvw qrq0fruuìoì dyhf ohv [w3l srxu l A f1

Rq d

Hd[wo ' f> Hd[2
w o ' �2@E� 3 *2�>

hw

�[Ek� ' *�k� srxu wrxw k=



$XWRUHJUHVVLI�G
RUGUH��
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H[HPSOHV GH SURFHVVXV QRQ0VWDWLRQQDLUHV =

GHILQLWLRQ G*XQH PDUFKH DOHDWRLUH =

Xq surfhvvxv E[w� hvw xqh pdufkh doìdwrluh +vdqv whqgdqfh, vl

[w '
w[

l'�

%l> E%w�# EEI Ef> �2�=

Rq d

Hd[wo ' f hw Hd[2
w o ' w�2=

Od yduldqfh gìshqg gh w hw grqf [w q*hvw sdv vwdwlrqqdluh1

Rq sduoh gh qrq0vwdwlrqdulwì doìdwrluh1



0DUFKH�DOpDWRLUH
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PRGHOH DYHF WHQGDQFH HW YDULDQFH IRQFWLRQ GX WHPSV =

Xq surfhvvxv E[w� hvw xq surfhvvxv dyhf whqgdqfh hw yduldqfh irqfwlrq gx whpsv vl

[w ' pEw� n �Ew�%w> E%w�# EEI Ef> �2�>

rüp hw � vrqw ghx{ irqfwlrqv gìwhuplqlvwhv grqw o*xqh dx prlqv q*hvw sdv frqvwdqwh1

Rq d

Hd[wo ' pEw� hw YduE[w� ' �2�2Ew�

hw grqf E[w� q*hvw sdv vwdwlrqqdluh1

Rq sduoh gh qrq0vwdwlrqdulwì gìwhuplqlvwh1



3URFHVVXV�DYHF�WHQGDQFH�HW�YDULDQFH�IRQFWLRQ�GX�WHPSV
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pEw� ' f> ffDf w/ �Ew� ' f> ff�f w/ %w ; � Ef> ��



5 Wuhqg hw vdlvrqqdolwìv

Gdqv fhwwh vhfwlrq/ rq suìvhqwh ghv pìwkrghv vwdwlvwltxhv srxu hvwlphu ohv frpsr0
vdqwhv gìwhuplqlvwhv pw hw Vw hw hq gìgxluh xqh dssur{lpdwlrq gh od frpsrvdqwh
doìdwrluh \w1 Rq glvwlqjxh ghx{ judqghv pìwkrghv =

0 ohv pìwkrghv sdu uìjuhvvlrq txl frqvlvwhqw ã dmxvwhu xq prgëoh gìwhuplqlvwh ã
o*hqvhpeoh ghv grqqìhv rx orfdohphqw/

0 ohv pìwkrghv sdu pr|hqqhv prelohv txl frqvlvwhqw ã xwlolvhu ghv �owuhv srxu
h{wudluh fkdtxh frpsrvdqwh1



514 Pìwkrghv sdu uìjuhvvlrq

Fhv pìwkrghv frqvlvwhqw ã h�hfwxhu xqh uìjuhvvlrq olqìdluh srxu gìwhuplqhu ohv ghx{
frpsrvdqwhv gìwhuplqlvwhv gdqv od gìfrpsrvlwlrq

[w ' pw n Vw n \w> w ' �> = = = > W=

Od pìwkrgh gh Ex|v0Edoorw jìqìudolvìh frqvlvwh ã vsìfl�hu ohv frpsrvdqwhv gìwhupl0
qlvwhv frpph xqh frpelqdlvrq olqdluh gh irqfwlrqv frqqxhv gx whpsv/ sxlv ã h�hfwxhu
xqh uìjuhvvlrq olqìdluh ruglqdluh1

Od pìwkrgh VWO +Vhdvrqdo ghfrpsrvlwlrq ri Wlph vhulhv e| Orhvv, frqvlvwh ã vsìfl�hu
ohv frpsrvdqwhv gìwhuplqlvwhv frpph xqh frpelqdlvrq olqdluh gh irqfwlrqv vlpsohv
hw frqqxhv gx whpsv/ sxlv ã h�hfwxhu orfdohphqw ghv uìjuhvvlrqv olqìdluhv ruglqdluhv1



E Od pìwkrgh gh Ex|v0Edoorw jìqìudolvìh

Fkdfxqh ghv frpsrvdqwhv gìwhuplqlvwhv hvw ìfulwh frpph frpelqdlvrq olqìdluh gh
irqfwlrqv frqqxhv gx whpsv =

pw '
n[

l'�

elp
El�
w Vw '

o[

m'�

fmV
Em�
w

rü ohv el hw fm vrqw ghv frqvwdqwhv lqfrqqxhv1 Rq vxssrvhud txh pE��
w ' �1

H[HPSOHV =

41 Vl o*rq vrxkdlwh prgìolvhu xqh whqgdqfh olqìdluh/ rq fkrlvlud n ' 2 hw pE2�
w ' w1

51 Vl o*rq vrxkdlwh prgìolvhu xqh whqgdqfh txdgudwltxh/ rq fkrlvlud n ' �/pE2�
w ' w1

hw pE��
w ' w21

61 Vl o*rq vrxkdlwh prgìolvhu xqh vdlvrqdolwì g*ruguh 7/ rq fkrlvlud o ' e hw VEm�
w '

Ltw'm prg e�1



Gdqv oh fdguh gh fhwwh vhfwlrq/ rq vxssrvhud txh E\w� # EEEf> �2�1 Ohv uìvxowdwv
vh jìqìudolvhqw oruvtxh E\w� hvw xq surfhvvxv olqìdluh +vwdwlrqqdluh,1

Srxu txh ohv frh!flhqwv vrlhqw lghqwl�deohv +xqlflwì gh od gìfrpsrvlwlrq,/ lo hvw
qìfhvvdluh g*lpsrvhu od frqwudlqwh

So
m'� fm ' f1 Rq frqvlgìuhud grqf soxw÷w oh

prgëoh vxlydqw

[w '
n[

l'�

elp
El�
w n

o3�[

m'�

fm �V
Em�
w n \w

rü �V
Em�
w ' V

Em�
w 3 V

Eo�
w / srxu m ' �> = = = > o 3 �=

Od pìwkrgh ghv PFR frqvlvwh ã fkrlvlu frpph hvwlpdwhxu gh e hw f ohv ydohxuv txl
uhqghqw plqlpdohv oh fduuì gh od glvwdqfh hqwuh od vìulh hw vd sduwlh gìwhuplqlvwh

W[

w'�

3

C[w 3
n[

l'�

elp
El�
w 3

o3�[

m'�

fm �V
Em�
w

4

D
2

=



Dsshorqv =

0 [/ pE��/111/ pEn�/ �VE��/111/ �VEo3�� hw \ ohv yhfwhxuv gh UW grqw ohv frpsrvdqwhv
vrqw [w/ p

E��
w /111/ pEn�

w / �V
E��
w /111/ �V

Eo3��
w hw \w srxu w ' �> = = = > W /

0 p hw �V ohv pdwulfhv grqw ohv frorqqhv vrqw pE��/111/ pEn�/ �VE��/111/ �VEo3��/

0 e hw �f ohv yhfwhxuv grqw ohv frpsrvdqwhv vrqw ohv el +l ' �> ===> n, hw ohv fm +m '

�> ===> o 3 �,1

Ohv hvwlpdwhxuv ghv PFR 	e hw 	f vrqw grqqìv sdu
#

	e
e�f

$

'

#
p�p p� �V
�V�p �V� �V

$3�#
p�[
�V�[

$

=



SURSULHWHV =

41 Ohv hvwlpdwhxuv vrqw vdqv eldlv

H
%#

	e
	f

$&

'

#
e
f

$

hw gh yduldqfh

Ydu
#

	e
	f

$

' �2

#
p�p p� �V
�V�p �V� �V

$3�

=

51 Xq hvwlpdwhxu vdqv eldlv gh �2 hvw grqqì sdu

	�2 '

SW
w'�

	\ 2
w

W 3 n 3 on �

rü 	\w ' [w 3
Sn
l'�

	elp
El�
w 3

So3�
m'� 	fm �V

Em�
w 1



Ohv dydqwdjhv gh od pìwkrgh gh Ex|v0Edoorw jìqìudolvìh vrqw =

0 lo hvw srvvleoh gh surmhwhu pw hw �Vw dx ghoã gh W >

0 ohv hvwlpdwhxuv vrqw frqyhujhqwv píph vl E\w� hvw xq surfhvvxv vwdwlrqqdluh idleoh
+pdlv ohv hvwlpdwhxuv qh vrqw soxv rswlpdx{,1

Ohv lqfrqyìqlhqwv gh od pìwkrgh gh Ex|v0Edoorw jìqìudolvìh vrqw =

0 od vsìfl�fdwlrq pdqtxh gh  h{lelolwì +uhsuìvhqwdwlrq olqìdluh hw vwdeoh gdqv oh
whpsv, >

0 vl lo | d xqh huuhxu gdqv od vsìfl�fdwlrq gh pw hw �Vw/ lo | dxud ghv huuhxuv gdqv ohv
hvwlpdwlrqv ghv frh!flhqwv hw ohv surmhfwlrqv qh vhurqw sdv shuwlqhqwhv1



E Od pìwkrgh VWO +Vhdvrqdo ghfrpsrvlwlrq ri Wlph vhulhv e| Orhvv,

Dx olhx g*h�hfwxhu xqh uìjuhvvlrq olqìdluh vxu o*hqvhpeoh ghv grqqìhv/ rq h�hfwxh
soxvlhxuv uhjuhvvlrqv dx yrlvlqdjh ghv srlqwv srxu ohvtxhov rq vrxkdlwh dyrlu ghv
ydohxuv ghv frpsrvdqwhv1

Rq xwlolvh xqh ihqíwuh txl shxw íwuh dmxvwìh sdu o*xwlolvdwhxu rx gh pdqlëuh dxwrpd0
wltxh1 Ohv revhuydwlrqv rqw g*dxwdqw soxv gh srlgv tx*hoohv vrqw surfkhv gx srlqw rü
o*rq vrxkdlwh idluh o*hvwlpdwlrq1 Rq h�hfwxh hqvxlwh xqh uìjuhvvlrq olqìdluh jìqìudolvìh
dyhf sulvh hq frpswh ghv srlgv1

Soxv od ihqíwuh hvw judqgh/ soxv oh qrpeuh gh grqqìhv hvw judqg/ grqf soxv o*hvwlpdwhxu
dxud xqh shwlwh yduldqfh pdlv xq eldlv txl srxuud íwuh ìohyì/ hw uìflsurtxhphqw1



� Vrxv

Srxu h�hfwxhu xq uìjuhvvlrq olqìdluh/ rq xwlolvh od irqfwlrq

op+irupxod/ gdwd/ vxevhw/ zhljkwv/ qd1dfwlrq/

phwkrg @ %tu%/ prgho @ WUXH/ { @ IDOVH/ | @ IDOVH/ tu @ WUXH/

vlqjxodu1rn @ WUXH/ frqwudvwv @ QXOO/ riivhw/ 111,

Srxu h�hfwxhu xqh gìfrpsrvlwlrq vxlydqw od pìwkrgh VWO/ rq xwlolvh od irqfwlrq

vwo+{/ v1zlqgrz/ v1ghjuhh @ 3/ w1zlqgrz @ QXOO/ w1ghjuhh @ 4/

o1zlqgrz @ qh{wrgg+shulrg,/ o1ghjuhh @ w1ghjuhh/

v1mxps @ fhlolqj+v1zlqgrz243,/ w1mxps @ fhlolqj+w1zlqgrz243,/

o1mxps @ fhlolqj+o1zlqgrz243,/ urexvw @ IDOVH/ 111,



515 Pìwkrghv sdu pr|hqqh prelohv

Fhv pìwkrghv frqvlvwhqw ã fdofxohu ghv pr|hqqhv gh txhotxhv grqqìhv gh od vìulh gh
gìsduw dxwrxu gh fkdtxh gdwh1

Hq fkrlvlvvdqw elhq od wudqvirupdwlrq/ rq shxw =

0 dqqxohu2frqvhuyhu xqh whqgdqfh frqvwdqwh/ olqìdluh/ sro|q÷pldoh/ jìrpìwultxh/

0 dqqxohu2frqvhuyhu ohv frpsrvdqwhv vdlvrqqlëuhv1

Hoohv grlyhqw ìjdohphqw dqqxohu rx wrxw gx prlqv uìgxluh iruwhphqw oh whuph g*huuhxu1



E Gì�qlwlrq ghv pr|hqqhv prelohv +PP, =

Od pr|hqqh preloh g*ruguh p� np2 n � hvw gì�qlh sdu

P[w ' �3p�[w3p� n �3p�n�[w3p�n� n ===n �p2[wnp2> w M ]>

rü ohv pm vrqw ghv hqwlhuv srvlwliv hw ohv �m ghv uìhov +gdqv od sudwltxh/ rq qh fdofxoh
P[w txh srxu p� $ w $ W 3p2/ rü W hvw oh qrpeuh g*revhuydwlrqv glvsrqleohv,1

SURSULHWHV =

41 O*rsìudwhxu P hvw olqìdluh = srxu ghx{ qrpeuhv d/ e hw ghx{ vìulhv E[w� hw E\w�

PEd[w n e\w� ' dP[w n eP\w=

51 Od frpsrvìh gh ghx{ pr|hqqhv prelohv hvw xqh pr|hqqh preloh = od frpsrvìh
gh P� hw P2 hvw od pr|hqqh preloh P txl ã [w idlw fruuhvsrqguh

P[w ' P�EP2[w� ' P2EP�[w�=

Fhwwh rsìudwlrq hvw frppxwdwlyh/ dvvrfldwlyh1



E PP v|pìwultxhv

Oruvtxh p� ' p2 ' p/ rq sduoh gh pr|hqqh preloh fhqwuìh1 Vl gh soxv =

�l ' �3l> srxu l ' �> ===>p/

od pr|hqqh preloh hvw glwh v|pìwultxh1

Rq xwlolvhud od qrwdwlrq v|peroltxh srxu xqh pr|hqqh preloh v|pìwultxh =

P ' td2pn �o( d�3p> ===> �fo�

VlP� hwP2 vrqw fhqwuìhv +uhvs1 v|pìwultxhv,/P�P2 hvw fhqwuìh +uhvs1 v|pìwultxh,1

Hq sudwltxh/ rq frqvwuxlw ghv pr|hqqhv prelohv g*ruguh ìohyì ã sduwlu gh pr|hqqhv
prelohv g*ruguhv lqiìulhxuv +grqf soxv vlpsohv,1



E Vìulh lqyduldqwh sdu xqh pr|hqqh preloh hw qr|dx g*xqh pr|hqqh preloh

GHILQLWLRQV =

41 Rq glw txh E[w� hvw lqyduldqwh sdu P vl P[w @ [w/ srxu wrxw w1

51 Oh qr|dx gh P / NhuP / hvw o*hqvhpeoh ghv vìulhv whpsruhoohv dqqxoìhv sdu fhwwh
pr|hqqh

NhuP ' t[w G P[w ' f� =



E Uìvroxwlrq g*xqh ìtxdwlrq gh uìfxuuhqfh olqìdluh

Xqh ìtxdwlrq gh uìfxuuhqfh olqìdluh ã frh!flhqwv frqvwdqwv +vdqv vhfrqg phpeuh,
g*ruguh s hvw xqh ìtxdwlrq gh od iruph

�f}q n ��}qn� n = = =n �s}qns ' f

rü �f �' f hw �s �' f1

Vrlw S oh sro|q÷ph dvvrflì

S E}� ' �f n ��} n = = =n �s}
s=

Lo dgphw s udflqhv uìhoohv rx frpsoh{hv +frqmxjxìhv,1 Rq qrwh �l ohv o udflqhv hw ul
ohxu pxowlsolflwì uhvshfwlyh1



Od vroxwlrq jìqìudoh gh o*ìtxdwlrq gh uìfxuuhqfh hvw

}q '
o[

l'�

3

C
ul3�[

v'f

dlvq
v

4

D�ql

rü ohv s frqvwdqwhv dlv/ f $ v $ ul 3 � hw � $ l $ o/ vrqw gìwhuplqìhv sdu ohv
ydohxuv lqlwldohv }f> = = = > }s3�1

Ohv vxlwhv wv�wl/ f $ v $ ul 3 � hw � $ l $ o/ vrqw olqìdluhphqw lqgìshqgdqwhv hw
iruphqw xqh edvh gh o*hvsdfh ghv vroxwlrqv gh o*ìtxdwlrq1



SURSRVLWLRQV =

41 P frqvhuyh ohv frqvwdqwhv vvl
Sp2
m'3p�

�m ' �1

51 Xqh pr|hqqh preloh v|pìwultxh frqvhuydqw ohv frqvwdqwhv frqvhuyh ohv sro|q÷phv
gh ghjuì �1

61 Vrlw

S E{� ' �3p� n �3p�n�{n ===n �p2{
p�np2=

Vl � hvw udflqh gh S E{�3{p� gh pxowlsolflwì gn�/ doruvP frqvhuyh ohv sro|q÷phv
gh ghjuì lqiìulhxu rx ìjdo ã g1



E H�hw g*xqh pr|hqqh preloh vxu xq euxlw eodqf idleoh

Vrlhqw E%w� xq euxlw eodqf idleoh gh yduldqfh �2% hw P%w '
Sp2
m'3p�

�m%wnm1 Rq d

HdP%wo ' f> YduEP%w� ' �2%

p2[

m'3p�

�2m ' �2P%>

FryEP%w>P%w�� �' f> srxu w �' w�=

Od wudqvirupìh g*xq euxlw eodqf idleoh q*hvw sdv xq euxlw eodqf idleoh1 Oh udssruw gh
uìgxfwlrq gh od yduldqfh gx euxlw

�2P%

�2%
'

p2[

m'3p�

�2m

grlw íwuh fkrlvl oh soxv shwlw srvvleoh wrxw hq frqvhuydqw fhuwdlqhv fdudfwìulvwltxhv gh
od vìulh lqlwldoh1

O*xwlolvdwlrq g*xqh pr|hqqh preloh vxu xq euxlw eodqf frqgxlw ã o*h�hw gh Voxwvn|0
\xoh/ f*hvw0ã0gluh ghv rvfloodwlrqv uìjxolëuhv srxydqw sdvvhu srxu gh od vdlvrqqdolwì1
O*h�hw hvw qìjoljhdeoh vl oh udssruw gh uìgxfwlrq hvw shwlw1



E Pr|hqqhv prelohv dulwkpìwltxhv

SURSRVLWLRQ =

Od PP v|pìwultxh txl frqvhuyh ohv frqvwdqwhv hw d oh soxv judqg srxyrlu gh uìgxfwlrq
gh od yduldqfh gx euxlw =

4�?
p[

m'3p
�2m vrxv od frqwudlqwh txh

p[

m'3p
�m ' �

hvw od vìulh dulwkpìwltxh P gì�qlh sdu

�m '
�

2pn �
srxu wrxw m ' �> = = = >p=

Rq xwlolvhud od qrwdwlrq v|peroltxh P ' td2pn �o�1



SURSULHWHV GHV PP DULWKPHWLTXHV =

41 P frqvhuyh ohv sro|q÷phv gh ghjuì 4 pdlv sdv fhx{ gh ghjuì 51

51 P dqqxoh ohv vdlvrqqdolwìv gh sìulrgh 2p n � = vl Vw ' Vwn2pn� srxu wrxw w/
doruv rq d

PVw '
�

2pn �
EV3p n V3pn� n ===n Vp�

hvw lqgìshqgdqw gh w1

Sdu h{hpsoh = xqh vdlvrqqdolwì gxh dx mrxu gh od vhpdlqh fruuhvsrqg ã p ' �1 Hooh
glvsdudñw sdu dssolfdwlrq gh od PP

P[w '
�

.
E[w3� n[w32 n[w3� n[w n[wn� n[wn2 n[wn��=



E Frpphqw dqqxohu xqh vdlvrqqdolwì g*ruguh sdlu B

Ohv pr|hqqhv prelohv P� hw P2 gì�qlhv sdu

P�[w '
�

2p
E[w3p n[w3pn� n ===n[wnp3��

P2[w '
�

2p
E[w3pn� n ===n[wnp3� n[wnp�

dqqxohqw ohv vdlvrqqdolwìv g*ruguh 2p1

Srxu rewhqlu xqh pr|hqqh preloh v|pìwultxh/ rq suhqg

P[w '
�

2
EP�[wnP2[w� '

�

2p
Ef> D[w3pn[w3pn�n===n[wnp3�nf> D[wnp�

txl dqqxoh ohv vdlvrqqdolwìv g*ruguh 2p1



E Olvvdjh g*xqh vìulh sdu PP

Oruvtxh ohv PP vrqw xwlolvìhv srxu hvwlphu od whqgdqfh gìwhuplqlvwh/ lo shxw íwuh
lqwìuhvvdqw gh uìgxluh ohv dvsìulwìv +slfv hw fuhx{, gh od whqgdqfh1

Rq prqwuh txh P[w hvw g*dxwdqw soxv olvvh txh od glvwulexwlrq ghv �l o*hvw1 Rq
h{dplqh grqf o*ìyroxwlrq ghv �l hq irqfwlrq gh l1 Rq xwlolvh sduirlv oh fulwëuh vxlydqw
+ã plqlplvhu, =

T '
[

l

E{��l�
2 '

[

l

E�l 3 ��l3� n ��l32 3 �l3��
2

txl hvw qxo vl ohv frh!flhqwv vh wurxyhqw vxu xqh sduderoh1

H[HPSOH = Ohv pr|hqqhv g*Khqghuvrq vrqw rewhqxhv hq plqlplvdqw T sdupl wrxwhv
ohv pr|hqqhv prelohv g*ruguh 2pn � frqvhuydqw ohv sro|q÷phv gh ghjuì 21

Srxu ohv vìulhv wulphvwulhoohv +sìulrgh 7, rq xwlolvh od pr|hqqh g*Khqghuvrq ã 8 whuphv =

P ' tdDo(
�

2HS
d32�> He> �Sfo�



E Ohv sursulìwìv vrxkdlwdeohv ghv pr|hqqhv prelohv srxu hvwlphu xqh whqgdqfh gì0
whuplqlvwh vrqw =

41 frqvhuydwlrq g*xqh whqgdqfh = olqìdluh/ sro|q÷pldoh/ 111

51 dqqxodwlrq g*xqh vdlvrqqdolwì/

61 uìgxfwlrq gh od yduldqfh gx euxlw/

71 olvvdjh gh od vìulh/

81 vlpsolflwì ghv frh!flhqwv/ ruguh oh soxv shwlw srvvleoh1



H[HPSOH =

Od pr|hqqh gh Vshqfhu vxu 48 srlqwv

P ' td�Do(
�

�2f
d3�>3S>3D> �> 2�> eS> S.> .eo�

0 frqvhuyh ohv sro|q÷phv gh ghjuì lqiìulhxu ã 6/

0 dqqxoh ohv vdlvrqqdolwìv gh sìulrghv 7 hw fhoohv gh sìulrgh 8 +vdlvrqqdolwìv grqw od
sìulrgh q*hvw sdv uljrxuhxvhphqw 7,/

0 d xq srxyrlu gh uìgxfwlrq gh 3/4</

0 d xq erq srxyrlu gh olvvdjh1



E Sulqflsh gx �owudjh sdu pr|hqqh preloh

Vxssrvrqv txh od vìulh vh gìfrpsrvh dgglwlyhphqw hq

[w ' pw n Vw n \w> w ' �> ====

rü pw hvw xqh whqgdqfh/ Vw xq idfwhxu vdlvrqqlhu hw \w xqh vìulh vwdwlrqqdluh1

Vl Pf hvw xqh PP frqvhuydqw od whqgdqfh/ dqqxodqw od vdlvrqqdolwì hw whooh txh od
vìulh Pf\w hvw gh pr|hqqh surfkh gh f/ doruv rq srvh

	pw ' Pf[w=

Rq shxw doruv uhwudqfkhu ã [w od whqgdqfh hvwlpìh

[w 3Pf[w ' ELg3Pf�[w s Vw n \w=



Rq dssoltxh hqvxlwh xqh pr|hqqh prelohP� srxu rewhqlu ohv frh!flhqwv vdlvrqqlhuv/
sxlv ã qrxyhdx ELg 3 Pf� srxu v*dvvxuhu txh od vrpph ghv frh!flhqwv vdlvrqqlhuv
hvw dssur{lpdwlyhphqw qxooh1

G*rü o*hvwlpdwhxu

	Vw ' ELg 3 Pf�P�ELg 3 Pf�[w=

Od vìulh fruuljìh ghv yduldwlrqv vdlvrqqlëuhv +FYV, hvw gì�qlh sdu

[w 3 	Vw=



H[HPSOH = Pìwkrgh gh gìvdlvrqqdolvdwlrq Fhqvxv [44 +4<98, srxu xqh vìulh wulphv0
wulhooh +yhuvlrq vlpsol�ìh,

0 Suhplëuh hvwlpdwlrq gh od whqgdqfh = fdofxo g*xqh dssur{lpdwlrq gh od whqgdqfh sdu
dssolfdwlrq g*xqh PP dulwkpìwltxh dqqxodqw ohv vdlvrqqdolwìv g*ruguh 7 =

Pf '
�
dDo(

�

H
d�> 2> 2o

�
> 	pw ' Pf[w=

0 Suhplëuh hvwlpdwlrq gh od vìulh glplqxìh gh vd whqgdqfh =

[w 3 	pw ' ELg3Pf�[w=

0 Suhplëuh hvwlpdwlrq gh od vdlvrqqdolwì = ELg3Pf�[w hvw plv hq PP vxu 8 dqv sdu

P� ' td�.o(
�

b
d�> f> f> f> 2> f> f> f> �o�=

0 Rq dssoltxh ã qrxyhdx ELg3Pf� srxu dqqxohu od vrpph ghv frh!flhqwv vdlvrq0
qlhuv =

	Vw ' ELg3Pf�P�EL 3Pf�[w=



0 Suhplëuh hvwlpdwlrq gh od vìulh FYV =

	[FY V
w ' [w 3 	Vw=

0 Vhfrqgh hvwlpdwlrq gh od whqgdqfh = rq olvvh od vìulh 	[FY V
w 1 Rq shxw sdu h{hpsoh

oxl dssoltxhu xqh PP gh Khqghuvrq ã 8 whuphv =

P2 '
�
dDo(

�

2HS
d32�> He> �Sfo

�
> 	p

E2�
w ' P2

	[FY V
w =

0 Vhfrqgh hvwlpdwlrq gh od vìulh glplqxìh gh vd whqgdqfh =

[w 3 	p
E2�
w =

0 Vhfrqgh hvwlpdwlrq gh od vdlvrqqdolwì = [w 3 	p
E2�
w hvw plv hq PP vxu : dqv sdu

P� '
�
d2Do(

�

�D
d�> f> f> f> 2> f> f> f> �> f> f> f> �o

�
=

0 Rq dssoltxh ã qrxyhdx ELg 3Pf� srxu dqqxohu od vrpph ghv frh!flhqwv vdlvrq0
qlhuv =

	V
E2�
w ' ELg 3 Pf�P�E[w 3 	p

E2�
w �=



0 Hvwlpdwlrq �qdoh gh od vìulh FYV =

	[
FY VE2�
w ' [w 3 	V

E2�
w =

Rq uhpdutxhud txh 	[
FY VE2�
w ' P[w dyhf

P ' Lg 3 ELg 3 Pf�P�tLg 3 P2ELg 3 P�EL 3 Pf�
2��=

P frpsruwh 8: frh!flhqwv hw hvw v|pìwultxh = hooh sruwh vxu 5; wulphvwuhv gh sduw
hw g*dxwuh gx wulphvwuh frxudqw1

Ohv suhplhuv frh!flhqwv vrqw

�f ' f> HDS> �� ' f> fD�> �2 ' f> fe�> �� ' f> fDf> �e ' 3f> �ef>

�D ' f> fDD> �S ' f> f�e> �. ' f> f2b> �H ' 3f> fb.> �b ' f> f�H=



� Vrxv

Srxu dssoltxhu xqh pr|hqqh preloh ã xqh vìulh/ rq xwlolvh od irqfwlrq

ilowhu+{/ ilowhu/ phwkrg @ f+%frqyroxwlrq%/ %uhfxuvlyh%,/

vlghv @ 5/ flufxodu @ IDOVH/ lqlw,

Srxu h�hfwxhu xqh gìfrpsrvlwlrq ã o*dlgh gh PP gh pdqlëuh dxwrpdwltxh/ rq xwlolvh
od irqfwlrq

ghfrpsrvh+{/ w|sh @ f+%dgglwlyh%/ %pxowlsolfdwlyh%,/

ilowhu @ QXOO,



516 H{hpsohv

Rq frqvlgëuh ã qrxyhdx od vìulh ghv frqfhqwudwlrqv hq FR2
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2EVHUYDWRLUH�GH�0DXQD�/RD��+DZDw�

$QQpHV

&
RQ
FH
QW
UD
WLR
Q�
HQ
�&
2
��
�S
SP

���� ���� ���� ���� ���� ����

��
�

��
�

��
�

��
�

��
�



��
�

��
�

��
�

��
�

��
�

6H
ULH
V�
�

��
�

��
�

��
�

��
�

��
�

6H
ULH
V�
�

��
��

��
�

�
�

�

6H
ULH
V�
�

��
�

�
�

���� ���� ���� ���� ���� ����

6H
ULH
V�
�

7LPH

'HFRPSRVLWLRQ�GH�%X\V�%DOORW

Gìfrpsrvlwlrq gh Ex|v0Edoorw jìqìudolvìh dyhf whqgdqfh txdgudwltxh



��� ��� ��� ��� ���

GDWD

�� �� �� � � � �

VHDVRQDO
��� ��� ��� ��� ���

WUHQG

���� ���� ��� ��� ���

����
����

����
����

����
����

UHPDLQGHU

WLP
H

G
ìfrp

srvlwlrq
sdu

od
p
ìwkrgh

VW
O



��
�

��
�

��
�

��
�

��
�

RE
VH
UY
HG

��
�

��
�

��
�

��
�

��
�

WUH
QG

��
��

��
�

�
�

�

VH
DV
RQ
DO

��
��

��
��

��
�

��
�

��
�

���� ���� ���� ���� ���� ����

UD
QG
RP

7LPH

'HFRPSRVLWLRQ�RI�DGGLWLYH�WLPH�VHULHV

Gìfrpsrvlwlrq sdu pr|hqqh preloh



Rq frqvlgëuh ã qrxyhdx od vìulh ghv whpsìudwxuhv ã Sdulv
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Gìfrpsrvlwlrq gh Ex|v0Edoorw jìqìudolvìh dyhf whqgdqfh olqìdluh
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6 Surfhvvxv olqìdluhv

614 O*hvsdfh n2El>�>S� = gì�qlwlrq hw sursulìwìv

GHILQLWLRQ =

O*hvsdfh n2El>�>S� hvw o*hvsdfh ghv yduldeohv gh fduuì lqwìjudeoh +yduldqfhv hw
fryduldqfhv �qlhv,

n2El>�>S� ' t[�[ G l < U>[ hvw �0phvxudeoh hw HSd[
2o ? "�=



SURSULHWHV =

41 O*hqvhpeoh ghv yduldeohv doìdwrluhv uìhoohv [ gh fduuì lqwìjudeoh/ Hd[2o ? "/ hvw
xq hvsdfh yhfwrulho qrupì vxu U1

51 Od qruph hvw gì�qlh sdu

[ p< 8[822 ' Hd[2o

hw oh surgxlw vfdodluh sdu

E[>\ � p< Hd[\ o=

61 O*hvsdfh n2El>�>S� pxql gx surgxlw vfdodluh/ E[>\ � p< Hd[\ o/ hvw xq hvsdfh
gh Kloehuw/ f*hvw0ã0gluh xq hvsdfh yhfwrulho pxql g*xq surgxlw vfdodluh hw frpsohw srxu
od qruph dvvrflìh1

Xq ghv lqwìuíwv ghv hvsdfhv gh Kloehuw hvw tx*lov dxwrulvhqw od �frqvwuxfwlrq g*ds0
sur{lpdwlrqv� gh wrxv ohxuv ìoìphqwv sdu ghv ìoìphqwv txl dssduwlhqqhqw ã xq vrxv0
hqvhpeoh elhq gì�ql d sulrul1



Fhwwh dssur{lpdwlrq uhsrvh vxu od qrwlrq gh surmhfwlrq ruwkrjrqdoh1

GHILQLWLRQV =

41 +Ruwkrjrqdolwì, Ghx{ yduldeohv[ hw \ gh fduuì lqwìjudeohv vrqw glwhv ruwkrjrqdohv
dx vhqv gh n2 vl Hd[\ o ' f1

51 +Frqyhujhqfh, Xqh vxlwh [q gh yduldeohv/ yìul�dqw Hd[2
qo ? "/ frqyhujh yhuv

xqh yduldeoh [ dx vhqv gh n2 vl

*�4
q<"8[q 3[82 ' f

f*hvw0ã0gluh vl

*�4
q<"HdE[q 3[�2o ' f=

Rq hq gìgxlw hq sduwlfxolhu txh

*�4
q<"

Hd[qo ' Hd[o=



UHPDUTXH =

Od yduldeoh doìdwrluh [ '
S"

n'f[n shxw doruv íwuh gì�qlh frpph od olplwh vxlydqwh
gdqv n2 =

[ ' *�4
q<"

q[

n'f

[n

dyhf *�4q<"
���
Sq

n'f[n 3[
���
2
' f1



E Gì�qlwlrq g*xqh frpelqdlvrq olqìdluh lq�qlh dx vhqv gh n2

Vrlw od yduldeoh doìdwrluh gì�qlh sdu \ '
S
mM] dm[m rü ohv [m vrqw lqgìshqgdqwv

ohv xqv ghv dxwuhv1

\ d xq vhqv gdqv n2 vl hw vhxohphqw vl =
[

mM]

���dm[m

���
2
'

[

mM]
�dm�

���[m

���
2
? "=

Gdqv oh fdv rü E[w� hvw xq surfhvvxv vwdwlrqqdluh/ rq rewlhqw od frqglwlrq =
[

mM]
�dm� ? "=

sxlvtxh =
[

mM]

���dm[m

���
2
'

t
Hd[2

�o
[

mM]
�dm�=



E Wudqvirupìh g*xq surfhvvxv vwdwlrqqdluh sdu xqh pr|hqqh preloh lq�qlh

SURSRVLWLRQ =

Vl E[w�wM] hvw xq surfhvvxv vwdwlrqqdluh hw Edl�lM] hvw xqh vxlwh gh uìhov devroxphqw
vrppdeoh/

S
lM] �dl� ? "/ doruv \w '

S
lM] dl[w3l gì�qlw xq qrxyhdx surfhvvxv

vwdwlrqqdluh1

Hq sduwlfxolhu/ \w M n2El>�>S� hw

Hd\wo ' p\ ' p[

[

lM]
dl

�\ Ek� '
[

lM]

[

mM]
dldm�[Ekn m 3 l�=

Rq glw txh E\w�wM] hvw od wudqvirupìh gh E[w�wM] sdu od pr|hqqh preloh lq�qlh
dvvrflìh dx{ Edl�lM]1



615 Uìjuhvvlrq olqìdluh rx d!qh wkìrultxh vxu xq qrpeuh �ql

gh uhwdugv

GHILQLWLRQV =

Vrlw E[w�wM] xq surfhvvxv vwdwlrqqdluh1

41 Od uìjuhvvlrq olqìdluh wkìrultxh gh [w vxu [w3�> = = = >[w3s hvw od surmhfwlrq ru0
wkrjrqdoh gdqv n2El>�>S� gh [w vxu K ' Y hfwE[w3�> = = = >[w3s�1 Rq qrwh =

[f
w ' HOE[w�[w3�> = = = >[w3s� ' SK[w

rü HOE=�=� gìvljqh od uìjuhvvlrq olqìdluh1

51 Od uìjuhvvlrq d!qh wkìrultxh gh [w vxu �>[w3�> = = = >[w3s hvw od surmhfwlrq ru0
wkrjrqdoh gdqv n2El>�>S� gh [w vxu KW ' Y hfwE�>[w3�> = = = >[w3s�1 Rq qrwh =

[W
w ' HOE[w��>[w3�> = = = >[w3s� ' SKW[w



UHPDUTXHV =

41 Ohv ghx{ gì�qlwlrqv fròqflghqw vl Hd[wo ' f1

51 Vl Hd[wo �' f/ rq fdofxohud wrxmrxuv od uìjuhvvlrq d!qh wkìrultxh qrwìh +sdu dexv
gh qrwdwlrqv, HOE[w�[w3�> = = = >[w3s�1

61 Y hfwE[w3�> = = = >[w3s� hvw xq vrxv0hvsdfh yhfwrulho gh glphqvlrq �qlh gh n2

hw hvw grqf ihupì1 O*h{lvwhqfh hw o*xqlflwì gh od surmhfwlrq ruwkrjrqdoh vrqw grqf
dvvxuìhv1

71 Vl [w hvw xq surfhvvxv Jdxvvlhq/ doruv o*hvsìudqfh olqìdluh fruuhvsrqg ã o*hvsìudqfh
frqglwlrqqhooh1



SURSRVLWLRQ =

Ohv frh!flhqwv gh od uìjuhvvlrq olqìdluh d!qh/ df> d�> = = = > ds/

SKW[w ' df n
s[

m'�

dm[w3m

vrqw gì�qlv sdu =

df ' p[

3

C� 3
s[

m'�

dm

4

D hw ld ' �

rü

d ' Ed�> = = = > ds�
W

l ' E�[El 3 m���$l$s>�$m$s

� ' E�[E��> = = = > �[Es��W =



GHILQLWLRQ =

Oh frh!flhqw g*dxwrfruuìodwlrq sduwlhooh g*ruguh n hvw gì�ql sdu =

uEn� ' Fru
�
�[w> �[w3n

�

rü

�[w ' [w 3 HOE[w�[w3�> = = = > [w3nn��

�[w3n ' [w3n 3 HOE[w3n�[w3�> = = = >[w3nn��=

O*dxwrfruuìodwlrq sduwlhooh g*ruguh n gìvljqh od fruuìodwlrq hqwuh [w hw [w3n oruvtxh
o*lq xhqfh ghv yduldeohv [w3nnl dyhf l ? n d ìwì sulvh hq frpswh1



UHPDUTXHV =

41 Vl Hd[wo ' f/ rq shxw prqwuhu txh uEn� ' dn rü dn hvw oh frh!flhqw gh [w3n
gdqv od uìjuhvvlrq olqìdluh HOE[w�[w3�> = = = >[w3n�

HOE[w�[w3�> = = = >[w3n� '
n[

m'�

dm[w3m

GHILQLWLRQ =

O*dxwrfruuìorjudpph sduwlho gh E[w�wM] +surfhvvxv fhqwuì, hvw od irqfwlrq = n p<
uEn�1



SURSRVLWLRQ =

Od irqfwlrq g*dxwrfruuhodwlrq sduwlhooh g*xq surfhvvxv vwdwlrqqdluh E[w�wM] vdwlvidlw
od uhodwlrq =

uEn� '
_i|E,WEn��

_i|E,En��

rü ,En� hvw od pdwulfh g*dxwrfruuhodwlrq +g*ruguh n, gì�qlh sdu ,En� ' E�[El 3
m���$l$n>�$m$n hw ,WEn� hvw od pdwulfh rewhqxh hq uhpsodêdqw od ghuqlëuh frorqqh
gh ,En� sdu oh yhfwhxu ghv dxwrfruuìodwlrqv � ' E�[E��> = = = > �[En��W 1

Hq sduwlfxolhu/ hq qrwdqw �l ' �[El�/

uE�� ' ��> uE2� '
�2 3 �2�
� 3 �2�

>

uE�� '
�2� 3 ���2E2 3 �2� n ��E� 3 �2��

� 3 �22 3 2�2�E� 3 �2�
=



616 Uìjuhvvlrq olqìdluh wkìrultxh vxu xq qrpeuh lq�ql gh uhwdugv

GHILQLWLRQ =

41 Od uìjuhvvlrq olqìdluh wkìrultxh gh [w vxu [w3�> = = = >[w3s> = = = hvw od surmhfwlrq
ruwkrjrqdoh gdqv n2El>�>S� gh [w vxu o*dgkìuhqfh gh o*hvsdfh hqjhqguì sdu ohv
frpelqdlvrqv olqìdluhv ghv [w3m +m A f,/ K ' Y hfwE[w3�>[w32> = = = >[w3s> = = =�1

Rq qrwh =

[f
w ' HOE[w�[w3��� ' HOE[w�[w3�>[w32> = = = >[w3s> = = =�=

51 Od uìjuhvvlrq d!qh wkìrultxh gh [w vxu [w3�> = = = >[w3s> = = = hvw od surmhfwlrq ru0
wkrjrqdoh gdqv n2El>�>S� gh[w vxu o*dgkìuhqfh gh o*hvsdfhKW ' Y hfwE�>[w3�> = = =�1

Rq qrwh =

[W
w ' HOE[w�[w3��� ' HOE[w��>[w3�>[w32> = = = >[w3s> = = =�=



SURSRVLWLRQV =

41 Od uìjuhvvlrq olqìdluh wkìrultxh vxu xq qrpeuh lq�ql gh uhwdugv shxw vh gì�qlu
frpph vxlw =

HOE[w�[w3��� 'O2 *�4
q<"HOE[w�[w3�> = = = >[w3q�=

Hq g*dxwuhv whuphv/ xqh suìglfwlrq edvìh vxu xq sdvvì olplwh gx surfhvvxv dssur{lph
fhooh txl uìvxowh gh o*xvdjh gx sdvvì lq�ql1

51 Vrlhqw E[w�wM] xqh vìulh vwdwlrqqdluh hw[
W
w ' HOE[w��>[w3���1 Od vìulh E%w�wM]

gì�qlh sdu oh whuph =

%w ' [w 3 [W
w

hvw xq euxlw eodqf1 Fhwwh vìulh hvw dsshoìh surfhvvxv ghv lqqrydwlrqv1

Oh surfhvvxv ghv lqqrydwlrqv frqwlhqw o*lqirupdwlrq qrxyhooh suìvhqwh ã fkdtxh gdwh
gh E[w�wM] hw lpsuìylvleoh ã sduwlu gx sdvvì gh [w1



Lo hvw lppìgldw gh prqwuhu txh =

Hd%wo ' f

Hd%w[w3no ' FryE%w>[w3n� ' f �n A f=



WKHRUHPH GH ZROG =

Vrlw E[w�wM] xq surfhvvxv vwrfkdvwltxh vwdwlrqqdluh uìho hw E%w�wM] oh surfhvvxv ghv
lqqrydwlrqv fruuhvsrqgdqw1 Lo h{lvwh Edn�nMQ who txh

S"
n'f �dn� ? " hw

[w ' p[ n
"[

n'f

dn%w3n=

Fkdtxh yduldeoh doìdwrluh [w g*xq surfhvvxv vwdwlrqqdluh shxw v*ìfuluh frpph od
vrpph gh vrq hvsìudqfh hw g*xqh pr|hqqh preloh lq�qlh gx surfhvvxv g*lqqrydwlrq
dvvrflì1

Lo v*djlw g*xqh uhsuìvhqwdwlrq srvvleoh g*xq surfhvvxv vwrfkdvwltxh +olqìdluh, txl h{0
sorlwh od vwdwlrqqdulwì ã o*ruguh 51



617 Ghqvlwì vshfwudoh hw dxwrfruuìodwlrqv lqyhuvhv

SURSRVLWLRQV =

Vrlw E[w�wM] xq surfhvvxv vwdwlrqqdluh +pr|hqqh preloh lq�qlh,

[w ' pn
"[

m'3"
dm%w3m

rü E%�wM] hvw xq euxlw eodqf gh yduldqfh �2% hw rü Edm�mM] hvw xqh vxlwh devroxphqw
vrppdeoh/

S"
m'3" �dm� ? "=

Od irqfwlrq g*dxwrfryduldqfh gh E[w�wM] gì�qlh sdu

�[Ek� '
"[

m'3"
dmdm3k�

2
%



vdwlvidlw o*lqìjdolwì vxlydqwh =

"[

k'3"
��[Ek�� ? "=

GHILQLWLRQ =

Rq dsshooh ghqvlwì vshfwudoh gx surfhvvxv vwdwlrqqdluh E[w�wM] od irqfwlrq gì�qlh
vxu U sdu =

i[E$� '
�

2�

"[

k'3"
�[Ek�hl$k> $ M d3�> �o=

Od ghqvlwì vshfwudoh hvw grqf od wudqvirupìh gh Irxulhu gh od vxlwh ghv dxwrfryduldqfhv1

Hooh h{lvwh fdu od vìulh gh whuph jìqìudo �[Ek�hl$k hvw devroxphqw frqyhujhqwh1



Od ghqvlwì vshfwudoh hvw xqh irqfwlrq uìhooh/ sdluh/ frqwlqxh/ sìulrgltxh gh sìulrgh
2�1 Hq sduwlfxolhu =

i[E$� '
�

2�

"[

k'3"
�[Ek� ULtE$k�=

WKHRUHPH G*LQMHFWLYLWH =

Vrlw E[w�wM] xq surfhvvxv vwrfkdvwltxh vwdwlrqqdluh1 Lo hvw ìtxlydohqw gh frqqdñwuh
od irqfwlrq g*dxwrfryduldqfh rx od ghqvlwì vshfwudoh1 Rq d =

�[Ek� '
] �

3�
i[E$�h3lzkg$ '

] �

3�
i[E$� ULtE$k�g$=



H[HPSOHV =

41 Vl E%w�wM] hvw xq euxlw eodqf gh yduldqfh �2%/ doruv

i%E$� '
�2%
2�

> $ M d3�> �o=

51 Vrlw E\w�wM] xq surfhvvxv vwdwlrqqdluh1 Oh surfhvvxv E[w�wM] gì�ql sdu [w '

p n
S"
m'3"#m\w3m +dyhf

S"
m'3" �#m� ? ", dgphw srxu irqfwlrq gh ghqvlwì

vshfwudoh =

i[E$� ' �[Ei TEl$���2i\ E$�> $ M d3�> �o>

rü

[Ei TEl$�� '
"[

m'3"
#m i TElm$�> $ M d3�> �o=

61 Vrlw E[w�wM] xq surfhvvxv pr|hqqh preloh g*ruguh 4 =

[w ' %w n �%w3�> E%w� ; EEEf> �2%�1



Vd ghqvlwì vshfwudoh hvw gì�qlh sdu =

i[E$� ' �� n � i TE3l$��2
�2%
2�

'
�
� n 2� ULtE$� n �2

� �2%
2�

=

71 Vrlw E[w�wM] xq surfhvvxv dxwruìjuhvvli g*ruguh 4 =

[w ' *[w3� n %w> E%w�# EEEf> �2�> �*� ? �=

Vd ghqvlwì vshfwudoh hvw gì�qlh sdu =

i[E$� ' �� 3 * i TE3l$��32�
2
%

2�
'

��
� 3 2* ULtE$� n *2

��
2
%

2�
=



GHILQLWLRQ = Dxwrfruuìodwlrqv lqyhuvhv

Vrlw E[w�wM] xq surfhvvxv pr|hqqh preloh lq�qlh/ [w '
S"
m'3" dm%w3m rü E%�wM]

hvw xq euxlw eodqf gh yduldqfh �2% hw rü Edm�mM] hvw xqh vxlwh devroxphqw vrppdeoh/
S"
m'3" �dm� ? "= Vxssrvrqv txh od irqfwlrq =

$ p<
�

i[E$�
i TE3l$k�

vrlw lqwìjudeoh vxu d3�> �o1

Od irqfwlrq g*dxwrfryduldqfh lqyhuvh +dvvrflìh dx vshfwuh lqyhuvh �@i[, hvw gì�qlh
sdu =

�l[Ek� '
] �

3�

�

i[E$�
i TE3l$k�g$

rx

�

i[E$�
'

�

2�

"[

k'3"
�l[Ek� i TEl$k�=



618 Hvwlpdwlrq gh od pr|hqqh hw ghv dxwrfryduldqfhv srxu ghv

surfhvvxv olqìdluhv

Rq vxssrvh glvsrvhu g*revhuydwlrqv E{w�w'�>===>W g*xq surfhvvxv

[w ' p[ n
"[

m'3"
dm%w3m

rü E%w�wM] hvw xq euxlw eodqf iruw gh yduldqfh �2% hw rü Edm�mM] hvw xqh vxlwh devr0
oxphqw vrppdeoh/

S"
m'3" �dm� ? "=

E Hvwlpdwhxu gh od pr|hqqh hw orl olplwh

O*hvwlpdwhxu gh od pr|hqqh hvw =

{W '
�

W

W[

w'�

{w=



SURSRVLWLRQV =

41

WYduE[W � '
[

�k�?W3�

#

� 3
�k�
W

$

�[Ek� <
q<"

"[

k'3"
�[Ek�=

51 Vl
S"
m'3" dm �' f/ doruv

I
W E[W 3 p[�

O< �

3

Cf>
"[

k'3"
�[Ek�

4

D

dyhf
S"
k'3" �[Ek� ' �2

%

�S"
m'3" dm

�2
1



E Hvwlpdwhxu ghv dxwrfryduldqfhv hw orlv olplwhv

Xq hvwlpdwhxu gh o*dxwrfryduldqfh g*ruguh k hvw +srxu k ? W , =

	�[Ek� '
�

W 3 k

W3k[

w'�

E{w 3 {W �E{wnk 3 {W �=

SURSRVLWLRQV =

41 	�[Ek� hvw xq hvwlpdwhxu suhvtxh vþuhphqw frqyhujhqw/ dv|pswrwltxhphqw vdqv
eldlv1

51 Vl gh soxv E%w� hvw Jdxvvlhq hw
S
nM] �n�[En�� ? "/

I
W
�
E	�[El�3 �[El��l'�>===>k

�
O< � Ef>l�

rü

lm>n '
"[

o'3"
�[Eo�E�[Eo3 m n n� n �[Eo3 m 3 n��=



D sduwlu g*xq hvwlpdwhxu ghv dxwrfryduldqfhv/ rq hq gìgxlw

0 xq hvwlpdwhxu ghv dxwrfruuìodwlrqv =

	�[Ek� '
	�[Ek�

	�[Ef�
>

0 xq hvwlpdwhxu cfruuljì* gh od ghqvlwì vshfwudoh =

	i[E$� '
�

2�

K[

k'3K

#

�3
�k�

K n �

$

	�[Ek�hl$k=

rü K hvw vx!vdpphqw judqg pdlv sdv wurs judqg $

Xq hvwlpdwhxu gx frh!flhqw g*dxwrfruuìodwlrq sduwlhooh g*ruguh k hvw grqqì sdu o*hv0
wlpdwhxu ghv prlqguhv fduuìv ruglqdluhv gh [w vxu �>[w3�>1 1 1 >[w3k1



� Vrxv

Srxu wudfhu ghv irqfwlrqv g*dxwrfryduldqfh/ g*dxwrfryduldqfh sduwlhooh hw g*dxwrfru0
uìodwlrq hpslultxhv/ lo idxw xwlolvhu od irqfwlrq dfi +dsuëv dyrlu fkdujì oh sdfndjh
vwdwv,1

dfi+{/ odj1pd{ @ QXOO/

w|sh @ f+%fruuhodwlrq%/ %fryduldqfh%/ %sduwldo%,/

sorw @ WUXH/ qd1dfwlrq @ qd1idlo/ ghphdq @ WUXH/ 111,

Od irqfwlrq uhqyrlh xq remhfw gh w|sh %dfi% txl hvw xqh olvwh gh soxvlhxuv ìoìphqwv
+grqw ohv ydohxuv fdofxoìhv srxu ohv gl�ìuhqwhv ydohxuv gh k,1



H[HPSOHV DYHF GHV SURFHVVXV VWDWLRQQDLUHV = W ' 2Df

EUXLW EODQF =

41 Vl E[w� hvw xq euxlw eodqf idleoh/ vd irqfwlrq g*dxwrfryduldqfh hw g*dxwrfryduldqfh
sduwlhooh vrqw grqqìhv sdu

�[Ek� '

+
� k ' f
f k �' f

> uEn� ' f n D �=

51 Vl E[w� hvw xqh pr|hqqh preloh g*ruguh � +PD+4,, whooh txh

[w ' pn %w 3 �%w3�> E%w�# EEEf> �2�> ��� ? �

vd irqfwlrq g*dxwrfryduldqfh hw g*dxwrfryduldqfh sduwlhooh vrqw grqqìhv sdu

�[Ek� '

;
A?

A=

� k ' f
3�@E� n �2� k ' ��

f �k� A �
> u[En� '

�nE�2 3 ��

�3 �2nn2
n D �=



61 Vl E[w� hvw xq dxwruhjuhvvli g*ruguh � +DU+4,, who txh

[w ' *[w3� n %w> E%w�# EEEf> �2�> �*� ? �>

hw ohv %w hvw qrq0fruuìoì dyhf ohv [w3l srxu l A f/ vd irqfwlrq g*dxwrfryduldqfh hw
g*dxwrfryduldqfh sduwlhooh vrqw grqqìhv sdu

�[Ek� ' *�k�> u[E�� ' * hw u[En� ' f srxu n A �=
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/DJ
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)

%w ; � Ef> ��
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0R\HQQH�0RELOH�G
RUGUH��
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/DJ

3D
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p ' f/ � ' f> D/ %w ; � Ef> ��
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)

$XWRUHJUHVVLI�G
RUGUH��

� �� �� ��
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�
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�

/DJ

3D
UWL
DO
�$
&
)

* ' f> D/ %w ; � Ef> ��



H[HPSOHV DYHF GHV SURFHVVXV QRQ0VWDWLRQQDLUHV = W ' 2Df

41 E[w� hvw xqh pdufkh doìdwrluh whooh txh

[w '
w[

l'�

%l> E%w�# EEI Ef> �2�=

51 E[w� hvw xq surfhvvxv dyhf whqgdqfh hw yduldqfh irqfwlrq gx whpsv who txh

[w ' pw n �w%w> E%w�# EEI Ef> �2�=
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0DUFKH�DOpDWRLUH
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%w ; � Ef> ��
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3URFHVVXV�DYHF�WHQGDQFH�HW�YDULDQFH�IRQFWLRQ�GX�WHPSV

� �� �� ��
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�
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�
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�

/DJ

3D
UWL
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�$
&
)

pw ' f> ffDf w/ �w ' f> ff�f w/ %w ; � Ef> ��



H[HPSOHV DYHF GHV VHULHV UHHOOHV =
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&RQFHQWUDWLRQ�HQ�&2����6pULH�GpVDLVRQQDOLVpH
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Vìulh gìvdlvrqqdolvìh sdu od pìwkrgh gh Ex|v0Edorw
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Vìulh gìvdlvrqqdolvìh sdu od pìwkrgh VWO
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Vìulh gìvdlvrqqdolvìh sdu od pìwkrgh ghv pr|hqqhv prelohv
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&RQFHQWUDWLRQ�HQ�&2����6pULH�GpVDLVRQQDOLVpH
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Vìulh gìvdlvrqqdolvìh sdu od pìwkrgh gh Ex|v0Edorw
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Vìulh gìvdlvrqqdolvìh sdu od pìwkrgh VWO
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Vìulh gìvdlvrqqdolvìh sdu od pìwkrgh ghv pr|hqqhv prelohv
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7 Surfhvvxv DUPD hw DULPD

714 Sro|q÷phv uhwdug hw dydqfh

E Gì�qlwlrqv hw sursulìwìv

GHILQLWLRQV =

41 O*rsìudwhxu uhwdug O +odj, rx E +edfnzdug, hvw gì�ql vxu od fodvvh ghv surfhvvxv
vwdwlrqqdluhv frpph vxlw =

O G E[w�wM] p< E\w�wM] who txh \w ' O[w ' [w3�

51 O*rsìudwhxu dydqfh I +iruzdug, hvw gì�ql vxu od fodvvh ghv surfhvvxv vwdwlrqqdluhv
frpph vxlw =

I G E[w�wM] p< E\w�wM] who txh \w ' I[w ' [wn�



SURSRVLWLRQV =

41 I ' O3� hw O ' I3�

51 On ' O= u u u =O yìul�h On[w ' [w3n1

61 In ' I= u u u =I yìul�h In[w ' [wnn1

Rq qrwh Of ' Lg1

GHILQLWLRQ =

Vrlw S xq sro|q÷ph/ S E}� '
Ss
n'f dn}

n dyhf dn M U +s M 7Q,/ rq oxl dvvrflh oh
sro|q÷ph uhwdug gì�ql frpph vxlw =

S EO� '
s[

n'f

dnO
n



hw

S EO�[w '

3

C
s[

n'f

dnO
n

4

D[w '
s[

n'f

dn[w3n=

Oh sro|q÷ph dydqfh hvw gì�ql sdu =

S EI � '
s[

n'f

dnI
n

hw

S EI �[w '

3

C
s[

n'f

dnI
n

4

D[w '
s[

n'f

dn[wnn=

SURSRVLWLRQV =

Vrlhqw ohv sro|q÷phv uhwdug gh ghjuì �lq�ql� gì�qlv sdu =

DEO� '
"[

n'f

dnO
n EEO� '

"[

n'f

enO
n



dyhf
S"
n'f �dn� ?" hw

S"
n'f �en� ? "1

41 �� M U

�DEO� ' E�D�EO� '
"[

n'f

E�dn�O
n

51

DEO� nEEO� ' EDnE�O '
"[

n'f

Edn n en�O
n

61

DEO�=EEO� ' ED=E�EO� ' FEO�

rü fn '
Sn
m'f dmen3m hw

S"
n'f �fn� ? "1



E Lqyhuvlelolwì ghv sro|q÷phv hq O

GHILQLWLRQ =

41 Xq sro|q÷ph uhwdug DEO� hvw lqyhuvleoh vl hw vhxohphqw vl lo h{lvwh xq sro|q÷ph
uhwdug EEO� who txh =

DEO�=EEO� ' EEO�=DEO� ' Lg=

SURSRVLWLRQV =

41 Vl ��� ? �/ doruv �3 �O hvw lqyhuvleoh hw

E�3 �O�3� '
"[

n'f

�nOn=

51 Vl ��� A �/ doruv �3 �O hvw lqyhuvleoh hw

E�3 �O�3� ' 3
"[

n'�

�3nIn=



61 Vl ��� ' �/ doruv �3 �O q*hvw sdv lqyhuvleoh1

SURSRVLWLRQV =

Vrlw ! xq sro|q÷ph uhwdug gh ghjuì s ã frh!flhqwv uìhov =

!E}� ' � n !�} n = = =n !s}
s=

41 !EO� hvw lqyhuvleoh vl hw vhxohphqw vl vhv udflqhv vrqw gh prgxoh glvwlqfw gh �1

51 Vl ohv prgxohv ghv udflqhv gh ! vrqw wrxv vwulfwhphqw vxsìulhxuv ã xq/ doruv !EO�

hvw lqyhuvleoh hw

!EO�3� '
"[

n'f

dnO
n

rü df ' �/ dn M U/
S"
n'f �dn� ? "1



UHPDUTXHV =

41 Ohv udflqhv gh o*ìtxdwlrq fdudfwìulvwltxh +qrwìhv }m, =

� n !�} n = = =n !s}
s ' f

shxyhqw íwuh dxvvl fdudfwìulvìhv hq gìwhuplqdqw ohv udflqhv +qrwìhv �m, gh =

�s n !��
s3� n = = =n !s ' f=

51 Od frqglwlrq 51 gh od sursrvlwlrq suìfìghqwh vh uììfulw =

�}m� A � C ��m� ? �=



E Pìwkrghv sudwltxhv g*lqyhuvlrq gh !EO�

Rq srvh =

!EO� '
s\

m'�

E� 3 �mO�

dyhf ��m� ? � srxu wrxw m ' �> = = = > s1

PHWKRGH 4 =

Ohv sro|q÷phv E� 3 �mO� vrqw lqyhuvleohv/ rq rewlhqw =

!EO�3� '
s\

m'�

3

C
"[

n'f

�nmO
n

4

D

sxlv rq surfìgh sdu lghqwl�fdwlrq111



PHWKRGH 5 =

Rq h{solflwh o*ìtxdwlrq =

!E}�!E}�3� ' �

vrlw

!EO�

3

C
"[

n'f

dnO
n

4

D ' �=

Rq rewlhqw xq v|vwëph g*ìtxdwlrqv txl shxw íwuh uìvrox gh pdqlëuh uìfxuvlyh =

� ' df

f ' d� n !�

f ' d2 n d�!� n !2
111

f ' ds n !�ds3� n = = =n !s3�d� n !s

f ' dn n !�dn3� n = = =n !sdn3s srxu n A s



PHWKRGH 6 =

Gìfrpsrvlwlrq gh od iudfwlrq udwlrqqhooh !3�EO� hq ìoìphqwv vlpsohv1

PHWKRGH 7 =

Glylvlrq vhorq ohv sxlvvdqfhv furlvvdqwhv gh � sdu !E}�1



715 Surfhvvxv PDEt�

GHILQLWLRQ =

Xq surfhvvxv vwrfkdvwltxh vwdwlrqqdluh E[w�wM] hvw xqh pr|hqqh preloh g*ruguh t
v*lo vdwlvidlw o*ìtxdwlrq vxlydqwh =

[w ' �nXEO�%w ' �n %w 3 ��%w3� 3 = = =3 �t%w3t/

rü ohv �m/ m ' �> = = = > t/ vrqw ghv qrpeuhv uìhov +dyhf �t �' f, hw E%w�wM] hvw xq euxlw
eodqf idleoh gh yduldqfh �2%1

SURSULHWHV =

41 E[w�wM] hvw qìfhvvdluhphqw vwdwlrqqdluh lqgìshqgdpphqw ghv udflqhv gx sro|q÷ph
X1

51 H d[wo ' �1



E Uhsuìvhqwdwlrq fdqrqltxh

SURSRVLWLRQ =

Vrlw oh surfhvvxv vwrfkdvwltxh E[w�wM] pr|hqqh preloh g*ruguh t

[w ' %w 3 ��%w3� 3 = = =3 �t%w3t/

srxu ohtxho wrxwhv ohv udflqhv gx sro|q÷ph =

XEx� ' �3 ��x3 = = =3 �tx
t

vrqw gh prgxoh vwulfwhphqw vxsìulhxu ã 4/ doruv E%w�wM] hvw o*lqqrydwlrq gx surfhvvxv1

UHPDUTXHV =

41 Xq surfhvvxv PDEt� dgphw soxvlhxuv uhsuìvhqwdwlrqv pr|hqqhv prelohv g*ruguh
t dyhf gl�ìuhqwv euxlwv eodqfv1

51 Xqh vhxoh uhsuìvhqwdwlrq fruuhvsrqg ã od uhsuìvhqwdwlrq fdqrqltxh rx fdxvdoh gx
surfhvvxv srxu odtxhooh oh euxlw eodqf xwlolvì hvw o*lqqrydwlrq1

61 Oh uìvxowdw suìfìghqw uhvwh sduwlhoohphqw ydolgh srxu ohv surfhvvxv grqw oh sro|q÷ph
gh od uhsuìvhqwdwlrq pr|hqqh preloh dgphw ghv udflqhv gh prgxoh xqlwdluh1



E Hfulwxuh DUE"�

l, Vl wrxwhv ohv udflqhv gh X vrqw gh prgxoh vwulfwhphqw vxsìulhxu ã 4/ od uhsuìvhq0
wdwlrq fdqrqltxh DUE"� hvw =

"[

n'f

dn[w3n ' pn %w

dyhf p ' �@XE�� hw df ' �1

ll, Vl fhuwdlqhv udflqhv rqw xq prgxoh ìjdo ã xq/

0 E[w�wM] hvw xq surfhvvxv vwrfkdvwltxh vwdwlrqqdluh >

0 XEO� q*hvw soxv lqyhuvleoh >

0 E%w�wM] uhvwh oh surfhvvxv ghv lqqrydwlrqv1

lll, Vl fhuwdlqhv udflqhv gh vrqw gh prgxoh vwulfwhphqw lqiìulhxu ã 4/ lo idxw prgl�hu
od vwuxfwxuh srxu rewhqlu oh surfhvvxv g*lqqrydwlrq1



Vxssrvrqv =

[w '
\

lG��l�?�

E�3 �lO�
\

lG��l�A�

E�3 �lO�%w=

Rq gì�qlw =

XWEO� '
\

lG��l�?�

E�3 �lO�
\

lG��l�A�

E�3
�

�l
O�

hw [w ' XWEO��w/ doruv E�w�wM] hvw o*lqqrydwlrq gx surfhvvxv gh yduldqfh

�2� ' �2%
\

lG��l�A�

��l�2=



E Fdudfwìulvdwlrq g*xq surfhvvxv PDEt�

Rq vh sodfh gdqv o*k|srwkëvh rü wrxwhv ohv udflqhv gx sro|q÷ph SX vrqw gh prgxoh
vwulfwhphqw vxsìulhxu ã 4/ gh whooh vruwh txh E%w�wM] hvw o*lqqrydwlrq gx surfhvvxv1

SURSRVLWLRQ =

41 Vrxv ohv k|srwkëvhv suìfìghqwhv/ od irqfwlrq g*dxwrfryduldqfh g*xq surfhvvxv
pr|hqqh preloh g*ruguh t hvw gì�qlh sdu =

�[Ef� ' �2
%

3

C� n
t[

l'�

�2l

4

D

�[Ek� ' �2
%

3

C3�k n
t[

l'kn�

�l�l3k

4

D srxu � $ �k� ? t

�[Ek� ' 3�t�2
% srxu �k� ' t

�[Ek� ' f srxu �k� A t=



51 Oh surfhvvxv vwrfkdvwltxh E[w�wM] vwdwlrqqdluh gx vhfrqg ruguh ã ghqvlwì vshfwudoh
devroxphqw frqwlqxh hw vwulfwhphqw srvlwlyh hvw xq surfhvvxv pr|hqqh preloh g*ruguh
t vl hw vhxohphqw vl =

�[Ek� '

+
�' f> �k� ' t>
' f> �k� A t=

UHPDUTXHV =

41 Lo q*| d sdv gh uìvxowdw sduwlfxolhu srxu ohv dxwrfruuìodwlrqv sduwlhoohv1

51 Vrxv ohv k|srwkëvhv suìfìghqwhv/ od irqfwlrq g*dxwrfruuìodwlrq lqyhuvh gìfurñw h{0
srqhqwlhoohphqw dyhf k1



716 Surfhvvxv DUEs�

GHILQLWLRQ =

Xq surfhvvxv vwrfkdvwltxh E[w�wM] hvw xq surfhvvxv dxwruìjuhvvli g*ruguh s v*lo hvw
vwdwlrqqdluh hw vdwlvidlw o*ìtxdwlrq vxlydqwh =

xEO�[w ' �n %w

[w ' �n !�[w3� n = = =n !s[w3s n %w/

rü ohv !m/ m ' �> = = = > s/ vrqw ghv qrpeuhv uìhov +dyhf !s �' f, hw E%w�wM] hvw xq
euxlw eodqf idleoh gh yduldqfh �2%1

SURSULHWHV =

41 Xq surfhvvxv E[w�wM] txl vdwlvidlw od uìfxuuhqfh xEO�[w ' � n %w q*hvw sdv
qìfhvvdluhphqw vwdwlrqqdluh1

51 H d[wo ' p ' �@xE��1



E Uhsuìvhqwdwlrq fdqrqltxh

SURSRVLWLRQ =

Vrlw oh surfhvvxv vwrfkdvwltxh E[w�wM] surfhvvxv dxwruìjuhvvli g*ruguh s

[w 3 !�[w3� 3 = = =3 !s[w3s ' %w/

srxu ohtxho wrxwhv ohv udflqhv gx sro|q÷ph =

xEx� ' �3 !�x3 = = =3 !sx
s

vrqw gh prgxoh vwulfwhphqw vxsìulhxu ã 4/ doruv E%w�wM] hvw o*lqqrydwlrq gx surfhvvxv1

UHPDUTXH =

HOE[w�[w3�� ' !�[w3� n = = =n !s[w3s1



E Hfulwxuh PDE"�

l, Vl wrxwhv ohv udflqhv gh x vrqw gh prgxoh vwulfwhphqw vxsìulhxu ã �/ od uhsuìvhq0
wdwlrq fdqrqltxh PDE"� hvw =

[w ' pn
"[

n'f

dn%w3n

dyhf p ' �@XE��/ df ' � hw
S"
n'f �dn� ? "1

ll, Vl fhuwdlqhv udflqhv rqw xq prgxoh ìjdo ã xq/

0 E[w�wM] q*hvw sdv xq surfhvvxv vwrfkdvwltxh vwdwlrqqdluh >

0 xEO� q*hvw soxv lqyhuvleoh

lll, Vl fhuwdlqhv udflqhv gh vrqw gh prgxoh vwulfwhphqw lqiìulhxu ã �/ lo idxw prgl�hu
od vwuxfwxuh srxu rewhqlu oh surfhvvxv g*lqqrydwlrq1



Vxssrvrqv xEO�[w ' %w dyhf

xEO� '
\

lG��l�?�

E�3 �lO�
\

lG��l�A�

E�3 �lO�=

Rq gì�qlw =

xWEO� '
\

lG��l�?�

E�3 �lO�
\

lG��l�A�

E�3
�

�l
O�

hw xWEO�[w ' �w/ doruv E�w�wM] hvw o*lqqrydwlrq gx surfhvvxv gh yduldqfh

�2� '
\

lG��l�A�

��l�32�2%=



E Fdudfwìulvdwlrq g*xq surfhvvxv DUEs�

Rq vh sodfh gdqv o*k|srwkëvh rü wrxwhv ohv udflqhv gx sro|q÷ph x vrqw gh prgxoh
vwulfwhphqw vxsìulhxu ã 4/ gh whooh vruwh txh E%w�wM] hvw o*lqqrydwlrq gx surfhvvxv1

SURSRVLWLRQV =

41 Oh surfhvvxv E[w�wM] vwdwlrqqdluh gx vhfrqg ruguh hvw xq surfhvvxv dxwruìjuhvvli
g*ruguh s vl hw vhxohphqw vl =

u[Ek� '

+
�' f> �k� ' s>
' f> �k� A s=

51 Oh surfhvvxv E[w�wM] vwdwlrqqdluh gx vhfrqg ruguh hvw xq surfhvvxv dxwruìjuhvvli
g*ruguh s vl hw vhxohphqw vl =

�l[Ek� '

+
�' f> �k� ' s>
' f> �k� A s=



E Dxwrfryduldqfhv hw ìtxdwlrqv gh \xoh0Zdonhu

SURSRVLWLRQV =

41 Vrxv ohv k|srwkëvhv suìfìghqwhv/ od vxlwh ghv dxwrfryduldqfhv vdwlvidlw xqh ìtxd0
wlrq gh uìfxuuhqfh krprjëqh g*ruguh s grqw ohv frh!flhqwv vrqw fhx{ gx sro|q÷ph
dxwruìjuhvvli xsxEx3�� =

�[Ek�3
s[

m'�

!m�[Ek3 m� ' f �k D f=

51 Vrxv ohv k|srwkëvhv suìfìghqwhv/ od vxlwh ghv dxwrfruuìodwlrqv vdwlvidlw xqh ìtxdwlrq
gh uìfxuuhqfh krprjëqh g*ruguh s =

�[Ek�3
s[

m'�

!m�[Ek3 m� ' f �k D f=



E Uìvxpì ghv sursulìwìv PDEt� hw DUEs� =

� DUEs�

41 Od vxlwh ghv dxwrfruuhodwlrqv E��[Ek��� gìfurñw h{srqhqwlhoohphqw yhuv f dyhf k1

51 Ohv dxwrfruuìodwlrqv sduwlhoohv EuEk�� vrqw qxoohv srxu �k� A s1

61 Ohv dxwrfruuìodwlrqv lqyhuvhv E�l[Ek�� vrqw qxoohv srxu �k� A s1

� PDEt�

41 Ohv dxwrfruuhodwlrqv E�[Ek�� vrqw qxoohv srxu �k� A t1

51 Dxfxq uìvxowdw sduwlfxolhu srxu ohv dxwrfruuìodwlrqv sduwlhoohv EuEk��1

61 Od vxlwh ghv dxwrfruuhodwlrqv lqyhuvhv E�l[Ek�� gìfurñw h{srqhqwlhoohphqw yhuv f

dyhf k1



717 Surfhvvxv DUPDEs> t�

GHILQLWLRQ =

Xq surfhvvxv vwrfkdvwltxh vwdwlrqqdluh E[w�wM] hvw xq surfhvvxv DUPDEs> t� v*lo
vdwlvidlw o*ìtxdwlrq vxlydqwh =

[w ' �n !�[w3� n = = =n !s[w3s
n%w 3 ��%w3� 3 = = =3 �t%w3t

xEO�[w ' �nXEO�%w

rü ohv !m/ m ' �> = = = > s/ hw ohv �m/ m ' �> = = = > t/ vrqw ghv qrpeuhv uìhov +dyhf !s �' f

hw �t �' f, hw E%w�wM] hvw xq euxlw eodqf idleoh gh yduldqfh �
2
%1

SURSULHWHV =

41 E[w�wM] q*hvw sdv qìfhvvdluhphqw vwdwlrqqdluh1

51 H d[wo ' p ' �@xE��1



UHPDUTXHV =

41 Hq o*devhqfh gh frqwudlqwhv vxu x hw X/ xq surfhvvxv vwdwlrqqdluh dgphwwdqw
xqh uhsuìvhqwdwlrq DUPD srvvëgh g*dxwuhv uhsuìvhqwdwlrqv gh fh w|sh1 Fhv dxwuhv
uhsuìvhqwdwlrqv vrqw rewhqxhv hq ìwxgldqw od iruph gh od ghqvlwì vshfwudoh1

51 Hq sduwlfxolhu/ ohv ghx{ surfhvvxv vwrfkdvwltxhv =

xEO�[w ' �nXEO�%w
�xEO�[w ' �n �XEO��%w

vrqw ghx{ uhsuìvhqwdwlrqv gx píph surfhvvxv vl =

i[E$� '
�2%
2�

�XEi TEl$���2

�xEi TEl$���2
'
�2%
2�

��XEi TEl$���2

��xEi TEl$���2

Fhwwh ìjdolwì hvw yudlh +dx prlqv, gdqv ohv 5 vlwxdwlrqv vxlydqwhv =

l, oruvtx*rq fkdqjh ohv udflqhv gh x hw X hq ohxuv lqyhuvhv >

ll, hq pxowlsoldqw rx hq glylvdqw hw sdu xq píph idfwhxu sro|q÷pldo1



E Uhsuìvhqwdwlrq fdqrqltxh

SURSRVLWLRQ =

Vrlw oh surfhvvxv vwrfkdvwltxh E[w�wM] DUPDEs> t�

[w ' !�[w3� n = = =n !s[w3s

n%w 3 ��%w3� 3 = = =3 �t%w3t/

srxu ohtxho wrxwhv ohv udflqhv ghv sro|q÷phv =

xEx� ' �3 !�x3 = = =3 !sx
s

XEx� ' �3 ��x3 = = =3 �tx
t

vrqw gh prgxoh vwulfwhphqw vxsìulhxu ã 4/ doruv E%w�wM] hvw o*lqqrydwlrq gx surfhvvxv1



E Hfulwxuhv PDE"� hw DUE"�

Vl wrxwhv ohv udflqhv gh x hw gh X vrqw gh prgxoh vwulfwhphqw vxsìulhxu ã 4/ od
uhsuìvhqwdwlrq fdqrqltxh PDE"� hvw

[w '
"[

n'f

dn%w3n

dyhf df ' � hw
S"
n'f �dn� ?"/ hw od uhsuìvhqwdwlrq fdqrqltxh DUE"� hvw

%w '
"[

n'f

en[w3n

dyhf ef ' � hw
S"
n'f �en� ? "1



GHILQLWLRQ =

Od uhsuìvhqwdwlrq

xEO�[w ' �nXEO�%w

hvw glwh fdqrqltxh plqlpdoh vl x hw X vrqw ghv sro|q÷phv grqw wrxwhv ohv udflqhv
vrqw gh prgxoh vwulfwhphqw vxsìulhxu ã xq hw suhplhuv hqwuh hx{ hw E%w�wM] hvw vrq
surfhvvxv ghv lqqrydwlrqv1

UHPDUTXHV =

41 Xq surfhvvxvDUPDEs> t� fdqrqltxh plqlpdoh dgphw xqh uhsuìvhqwdwlrq pr|hqqh
preloh lq�qlh grqw ohv frh!flhqwv vdwlvirqw xqh ìtxdwlrq gh uìfxuuhqfh g*ruguh s ã
sduwlu gx udqj 4@ Et n �> s�1

51 Xq surfhvvxv DUPDEs> t� fdqrqltxh plqlpdoh dgphw xqh uhsuìvhqwdwlrq dxwr0
uìjuhvvlyh lq�qlh grqw ohv frh!flhqwv vdwlvirqw xqh ìtxdwlrq gh uìfxuuhqfh g*ruguh t
ã sduwlu gx udqj 4@ Esn �> t�1



E Fdudfwìulvdwlrq g*xq surfhvvxv DUPDEs> t�

SURSRVLWLRQ =

Ohv dxwrfryduldqfhv hw dxwrfruuìodwlrqv g*xq surfhvvxv vwdwlrqqdluh DUPDEs> t�

vdwlvirqw xqh ìtxdwlrq gh uìfxuuhqfh g*ruguh s srxu �k� A t hw gìfurlvvhqw yhuv f

h{srqhqwlhoohphqw ylwh1



718 Surfhvvxv DULPDEs> g> t�

GHILQLWLRQ =

Xq surfhvvxv vwrfkdvwltxh E[w�wD3s3g hvw xq surfhvvxv DULPDEs> g> t� v*lo vd0
wlvidlw o*ìtxdwlrq vxlydqwh =

E�3 O�g[w ' �n !�E�3 O�g[w3� n = = =n !sE�3 O�g[w3s
n%w 3 ��%w3� 3 = = =3 �t%w3t

xEO�E�3 O�g[w ' �nXEO�%w

rü ohv !m/ m ' �> = = = > s/ hw ohv �m/ m ' �> = = = > t/ vrqw ghv qrpeuhv uìhov +dyhf
!s �' f hw �t �' f, hw E%w�wM] hvw xq euxlw eodqf idleoh gh yduldqfh �

2
%/ hw ohv

frqglwlrqv lqlwldohv

]3� '
q
[3�> = = = >[3s3g> %3�> = = = > %3t

r

vrqw whoohv txh =

FryE%w> ]3�� ' f �w D f=



E Uhsuìvhqwdwlrq fdqrqltxh plqlpdoh

Vl E[w�wD3s3g hvw xq surfhvvxv DULPDEs> g> t� rxu ohtxho wrxwhv ohv udflqhv ghv
sro|q÷phv =

xEx� ' �3 !�x3 = = =3 !sx
s

XEx� ' �3 ��x3 = = =3 �tx
t

vrqw gh prgxoh vwulfwhphqw vxsìulhxu ã 4/ doruv rq rewlhqw od uhsuìvhqwdwlrq fdqrqltxh
plqlpdoh1



Vl rq srvh \w ' E� 3 O�g[w/ rq rewlhqw

xEO�\w ' �nXEO�%w=

Pdlv fhod qh vljql�h sdv txh \w hvw xq surfhvvxv DUPD111sxlvtx*lo q*hvw sdv gì�ql
�w M ] $ Lo | d vhxohphqw ìtxlydohqfh dv|pswrwltxh dyhf xq surfhvvxv DUPD1

GHILQLWLRQ =

Vl +l, E�3O�g[w hvw dv|pswrwltxhphqw ìtxlydohqw ã xq surfhvvxv vwrfkdvwltxh vwd0
wlrqqdluh hw +ll, E�3O�g3�[w qh o*hvw sdv/ doruv rq glw txh oh surfhvvxv vwrfkdvwltxh
glvfuhw E[w� hvw lqwìjuì g*ruguh g hw rq qrwh [w ; LEg�1

H[HPSOHV =

41 Vl g ' f/ [w hvw xq DUPDEs> t� +surfhvvxv vwdwlrqqdluh, hw rq qrwh [w ; LEf�1

51 Vl g ' �/ E[w� hvw xq surfhvvxv lqwìjuì g*ruguh � +lo dgphw xqh udflqh xqlwdluh,1

61 Vl g ' 2/ E[w� q*hvw sdv vwdwlrqqdluh/ \w ' E�3O�[w qrq soxv1 ]w ' E�3O�\w '

E� 3 O�2[w hvw dv|pswrwltxhphqw ìtxlydohqw ã xq surfhvvxv vwdwlrqqdluh1



719 Surfhvvxv VDULPDvdEs> g> t�> ES>G>T�o

Ohv vìulhv glwhv vdlvrqqlëuhv vrqw fdudfwìulvìhv sdu gh iruwhv dxwrfruuìodwlrqv hw dx0
wrfruuìodwlrqv sduwlhoohv hpslultxhv hqwuh ohv yduldeohv gìfdoìhv g*xqh rx soxvlhxuv
vdlvrqv1 Ohv prgëohv DULPD vdlvrqqlhuv shuphwwhqw gh prgëolvhu xqh frpsrvdqwh
vdlvrqqlëuh gh qdwxuh doìdwrluh/ l1h1 txl qh vh uìsëwh sdv ã o*lghqwltxh g*xq f|foh ã
o*dxwuh1

GHILQLWLRQ =

Rq dsshooh surfhvvxv VDULPDvdEs> g> t�> ES>G>T�o gh sìulrgh v wrxw surfhvvxv
E[w� who txh oh surfhvvxv

\w ' EL 3 O�gEL 3 Ov�G[w

hvw xq DUPD

xEO�!EOv�\w ' XEO��EOv�%w

rü x/ !/ X hw � vrqw ghv sro|q÷phv gh ghjuìv s/ S / t hw T uhvshfwlyhphqw1



� Vrxv

Srxu vlpxohu xq surfhvvxv DULPD/ rq xwlolvh od irqfwlrq

dulpd1vlp+prgho/ q/ udqg1jhq @ uqrup/

lqqry @ udqg1jhq+q/ 111,/ q1vwduw @ QD/

vwduw1lqqry @ udqg1jhq+q1vwduw/ 111,/ 111,

Srxu rewhqlu od gìfrpsrvlwlrqPDE"� g*xq surfhvvxvDUPD/ rq xwlolvh od irqfwlrq

DUPDwrPD+du @ qxphulf+3,/ pd @ qxphulf+3,/ odj1pd{,



8 Hvwlpdwlrq ghv prgëohv DUPD hw DULPD

814 Lqwurgxfwlrq

Rq glvsrvh ghv grqqìhv {�> = = = > {W uìdolvdwlrqv ghv yduldeohv doìdwrluhv [�> = = = > [W 1
Rq vxssrvh txh fhv revhuydwlrqv vrqw frpsdwleohv dyhf xq prgëohDULPDEs> g> t� =

xEO�{g[w ' �n XEO�%w

rü

xEO� ' �3 !�O3 = = =3 !sO
s

XEO� ' � n ��On = = =n �tO
t

dyhf g�Ex� ' s/ g�EX� ' t/ YduE%w� ' �2
%/ hw rü ohv k|srwkëvhv vxu ohv sro|q÷phv

gh uhwdug hw E%w� vrqw vdwlvidlwhv1



E O*remhfwli hvw g*hvwlphu xq who prgëoh hw gh gìwhuplqhu xowìulhxuhphqw od suìylvlrq
wkìrultxh g*xqh ydohxu ixwxuh vdfkdqw xq fhuwdlq hqvhpeoh g*lqirupdwlrq1

Soxv suìflvìphqw/ rq surfëgh hq 7 skdvhv

41 Skdvh g*lghqwl�fdwlrq d sulrul

+d, Uhfkhufkh ghv ydohxuv sodxvleohv ghv ghjuìv Es> g> t�

+e, Soxvlhxuv ìwdshv =

0 Ruguh gh gl�ìuhqfldwlrq = dxwrfruuìorjudpph/ dxwrfruuìorjudpph lqyhuvh/
whvwv gh udflqhv xqlwdluhv111

0 Ruguh s hw t = xwlolvdwlrq ghv sursulìwìv ghv surfhvvxv DUPDEs> t�/
irqfwlrqv g*dxwrfruuìodwlrq hw g*dxwrfruuìodwlrq sduwlhooh/ irqfwlrq g*dxwrfruuìodwlrq
lqyhuvh/ pìwkrgh gx frlq/ hwf1



D fh vwdgh/ soxvlhxuv prgëohv vrqw jìqìudohphqw uhwhqxv = Esm> gm> tm� m ' �> = = = > M 1

51 Skdvh g*hvwlpdwlrq

Srxu fkdtxh wulsohw Esm> gm> tm�/ rq uhfkhufkh ohv ydohxuv fruuhvsrqgdqwhv ghv dxwuhv
sdudpëwuhv gx prgëoh =

E!�> = = = > !s> ��> = = = > �t> �> �
2
%�=

Soxvlhxuv pìwkrghv vrqw glvsrqleohv =

0 pd{lpxp gh yudlvhpeodqfh +frqglwlrqqhooh/ qrq frqglwlrqqhooh,/

0 prlqguhv fduuìv frqglwlrqqhov/

0 pìwkrgh ghv prphqwv jìqìudolvìv/

0 �owuh gh Ndopdq hw prgëohv hvsdfh0ìwdw/

0 hwf1



61 Skdvh gh yìul�fdwlrq

Lo v*djlw gh �vrxphwwuh� ohv prgëohv hvwlpìv ã ghv whvwv srxu yìul�hu ohv k|srwkëvhv
vrxv0mdfhqwhv ã fhv prgëohv rx wrxw vlpsohphqw od vljql�fdwlylwì ghv frh!flhqwv
hvwlpìv1

0 Ohv uìvlgxv hvwlpìv suhqqhqw0lov ghv ydohxuv fruuhvsrqgdqw ã o*k|srwkëvh g*xq
euxlw eodqf B

0 Ohv sdudpëwuhv vrqw0lov vljql�fdwliv B

0 Shxw0rq glplqxhu ohv ydohxuv gh s hw t B

71 Fkrl{ g*xq prgëoh

Rq shxw dyrlu uhfrxuv ã soxvlhxuv fulwëuhv = fulwëuh g*lqirupdwlrq/ fulwëuh gh sduflprqlh/
fulwëuh gh srxyrlu suìglfwli1



815 Skdvh g*lghqwl�fdwlrq d sulrul

Wurlv txhvwlrqv =

41 Hvw0fh txh od vìulh ìwxglìh hvw vwdwlrqqdluh B qrq0vwdwlrqqdluh B Idxw0lo ìolplqhu
xqh whqgdqfh gìwhuplqlvwh hw2rx xqh vdlvrqqdolwì gìwhuplqlvwhv B Txho hvw o*ruguh gh
gl�ìuhqfldwlrq B

51 H{lvwh0w0lo xqh frpsrvdqwh vdlvrqqlëuh +dxwruìjuhvvlyh/ pr|hqqh preloh,/DULPD

yhuvxv VDULPD B

61 Txhov vrqw ohv ruguhv srvvleohv srxu s hw t B



E Hwxgh gh od vwdwlrqqdulwì = gìwhuplqdwlrq gh g

Ghx{ pìwkrghv =

41 Lqvshfwlrq ylvxhooh gh od irqfwlrq g*dxwrfruuìodwlrq hpslultxh +hw irqfwlrq
g*dxwrfruuìodwlrq lqyhuvh, >

51 Whvwv gh udflqh+v, xqlwdluh+v,1



L, Xwlolvdwlrq gh o*dxwrfruuìorjudpph

41 Srxu xq surfhvvxv vwdwlrqqdluh/ rq revhuyh xqh gìfurlvvdqfh gh od irqfwlrq g*dx0
wrfruuìodwlrq yhuv }ìur dyhf k1

SURSRVLWLRQ =

41 Ohv dxwrfryduldqfhv hw dxwrfruuìodwlrqv g*xq surfhvvxv vwdwlrqqdluh +fdqrqltxh hw
plqlpdo, DUPDEs> t� vdwlvirqw xqh ìtxdwlrq gh uìfxuuhqfh g*ruguh s srxu �k� A t =

�[Ek� 3
s[

m'�

!m�[Ek 3 m� ' f ��k� A t>

rx

�[Ek� 3
s[

m'�

!m�[Ek 3 m� ' f ��k� A t=

51 Ohv dxwrfryduldqfhv hw dxwrfruuìodwlrqv gìfurlvvhqw yhuv 3 h{srqhqwlhoohphqw ylwh
dyhf k1



51 Vl xq surfhvvxv vwrfkdvwltxh +[w, hvw lqwìjuì g*ruguh g / oh surfhvvxv +[w, q*hvw
sdv vwdwlrqqdluh hw rq qh shxw sdv gì�qlu od irqfwlrq g*dxwrfruuìodwlrq1 Fhshqgdqw/
od irqfwlrq

�[Ew> k� '
FryE[w>[wnk�t
YduE[w�YduE[wnk�

d wrxmrxuv xq vhqv1

H[HPSOH =

Frqvlgìurqv xqh pdufkh doìdwrluh vdqv gìulyh =

[w ' [w3� n %w

rü %w # EEEf> �2%� hw FryE%w>[f� ' f vl w D f1 Rq d =

�[Ew> k� '
YduE[f� n w�2%t

EYduE[f� n w�2%�EYduE[f� n Ewn k��2%�



hw srxu w judqg hw k ?? w/

�[Ek� E � 3
k

2w
=

O*h{dphq gh od irqfwlrq g*dxwrfruuìodwlrq derxwlw doruv ã dgrswhu ohv uëjohv vxlydqwhv =

� Uëjoh 4 = Vl od irqfwlrq g*dxwrfruuìodwlrq hvwlpìh 	�[Ek� uhvwh uhodwlyhphqw surfkh
gh � srxu xq dvvh} judqg qrpeuh gh ydohxuv gh k rx gìfurñw olqìdluhphqw dyhf k/
doruv oh surfhvvxv hvw fhuwdlqhphqw qrq vwdwlrqqdluh1

Uhpdutxh = Fhwwh uëjoh shxw dxvvl v*lqwhusuìwhu frpph vxlw = oh surfhvvxv hvw fhuwdl0
qhphqw qrq vwdwlrqqdluh vl ohv suhplhuv 	�[Ek� vrqw surfkhv ohv xqv ghv dxwuhv1

� Uëjoh 5 = Xqh irlv gl�ìuhqflìh od vìulh lqlwldoh/ rq ìwxglh o*dxwrfruuìorjudpph gh od
vìulh \w ' {[w +srxu gl�ìuhqflhu ìyhqwxhoohphqw ã o*ruguh 5, hw dlqvl gh vxlwh111



Uhpdutxhv =

l, O*dssolfdwlrq ghv uëjohv suìfìghqwhv shxw fhshqgdqw frqgxluh ã vxu0gl�ìuhqflhu
od vìulh lqlwldoh1 Gdqv fhwwh shuvshfwlyh/ rq shxw xwlolvhu o*lqirupdwlrq irxuqlh sdu
o*dxwrfruuìorjudpph lqyhuvh/ fdu hq vxu0gl�ìuhqfldqw/ ohv dxwrfruuìodwlrqv lqyhuvhv qh
gìfurlvvhqw sdv yhuv f h{srqhqwlhoohphqw ylwh dyhf k1

ll, Od qdwxuh gh od qrq0vwdwlrqdulwì q*hvw sdv xqltxh = xqh vìulh qrq0vwdwlrqqdluh
hvw xqh vìulh txl q*hvw sdv vwdwlrqqdluh1 Vl od vìulh ìwxglìh hvw vwdwlrqdluh hq whqgdqfh
+gìwhuplqlvwh,/ doruv xqh gl�ìuhqfldwlrq ã o*ruguh g frqgxlud ã o*dssdulwlrq g*xqh
pr|hqqh preloh $

LL, Dssurfkh ghv whvwv

Lo hvw srvvleoh g*xwlolvhu ghv whvwv +glwv, gh udflqh+v, xqlwdluh+v,1 O*lgìh gh edvh gh fhv
whvwv hvw gh vdyrlu vl od vìulh xqh irlv +rx soxvlhxuv irlv gl�ìuhqflìh, hvw vwdwlrqqdluh1
Gl�ìuhqwv whvwv rqw ìwì sursrvìv gdqv od olwwìudwxuh = Whvwv gh Glfnh|0Ixoohu/ Whvwv gh
Glfnh|0Ixoohu dxjphqwìv/ Whvwv gh Skloolsv0Shuurq/ Whvwv gh Vfkplgw0Skloolsv/ Whvw
NSVV/ hwf111



E Hwxgh gh od vdlvrqqdolwì

� Fhuwdlqhv vìulhv +sdu h{hpsoh/ phqvxhoohv, rqw xq sur�o vdlvrqqlhu pdutxì = ohv
grqqìhv uhodwlyhv ã xq píph prlv gh gl�ìuhqwhv dqqìhv rqw whqgdqfh ã vh vlwxhu gh
pdqlëuh vhpeodeoh sdu udssruw ã od pr|hqqh dqqxhooh1

� Fhwwh vdlvrqqdolwì shxw íwuh gìwhfwìh ã sduwlu gh =

� od uhsuìvhqwdwlrq judskltxh gh od vìulh +hw gh wrxwh lqirupdwlrq gìfulydqw od
yduldeoh,/

� xq gìfrxsdjh gh od vìulh hq soxvlhxuv sìulrghv/

� od irqfwlrq ghv dxwrfruuìodwlrqv/

� od ghqvlwì vshfwudoh/ hwf111



E Hwxgh gh o*ruguh s hw t

� Lo v*djlw gh gìwhuplqhu ohv ruguhv gh od sduwlh dxwruìjuhvvlyh hw gh od sduwlh pr|hqqh
preloh1

� Hq sudwltxh/ rq uhwlhqgud xqh eruqh vxsìulhxuh srxu fkdfxq gh fhv ruguhv +spd{

hw tpd{,1 Hq g*dxwuhv whuphv/ gl�ìuhqwv prgëohv vhurqw hvwlpìv1

� O*lghqwl�fdwlrq ghv ruguhv s hw t uhsrvh vxu od irqfwlrq g*dxwrfruuìodwlrqv hw od
irqfwlrq g*dxwrfruuìodwlrqv sduwlhoohv1 Srxu xq surfhvvxv dxwruìjuhvvli rx pr|hqqh
preloh sxu/ o*lghqwl�fdwlrq hvw �vlpsoh�1 Fhshqgdqw/ f*hvw ehdxfrxs soxv frpsoh{h
srxu xq surfhvvxv DUPD1

L, Ohv gl�ìuhqwhv fdudfwìulvdwlrqv

Ohv sursulìwìv frqqxhv ghv surfhvvxv DUPD shxyhqw íwuh xwlolvìhv1

� Xq surfhvvxv DU g*ruguh s vh fdudfwìulvh sdu vd irqfwlrq g*dxwrfruuìodwlrq sduwlhooh
txl v*dqqxoh ã sduwlu gh o*ruguh sn �1



� Xq surfhvvxv PD g*ruguh t vh fdudfwìulvh sdu vd irqfwlrq g*dxwrfruuìodwlrq txl
v*dqqxoh ã sduwlu gh o*ruguh t n �1

� Xq surfhvvxv DUPDEs> t� vh fdudfwìulvh sdu ohv sursulìwìv gh fhv fruuìodwlrqv
fdqrqltxhv1

GHILQLWLRQ =

Ohv fruuìodwlrqv fdqrqltxhv hqwuh ohv yhfwhxuv E[w>[w3�> = = = >[w3m�
� hw E[w3n3�> = = = >[w3n

vrqw ohv ydohxuv sursuhv gh od pdwulfh =

KEm>3��3�KEm> n��KEm>3��3�KEm> n�

rü

KEm> n� '

3

EEEC

�[En n �� �[En n 2� u u u �[En n � n m�
�[En� �[En n �� u u u �[En n m�

111 111 111
�[En n � 3 m� u u u �[En� �[En n ��

4

FFFD



41 Hq sduwlfxolhu/ oh surgxlw ghv glyhuvhv fruuìodwlrqv fdqrqltxhv hvw grqqì sdu =

{Em> n�2

{Em>3��2

rü {Em> n� ' _i| KEm> n�1

51 Rq shxw prqwuhu txh =

{Em> n�2 ' {Em n �> n�{Em 3 �> n� n {Em> n 3 ��{Em> n n ��=

61 Vrlw xq surfhvvxv E[w� dgphwwdqw xqh uhsuìvhqwdwlrq fdqrqltxh plqlpdohDUPDEs> t�1
{Em> n� yìul�h ohv sursulìwìv vxlydqwhv =

0 {Em> n� ' f �m D s hw �n D t/

0 {Es> t 3 �� �' f/

0 {Es 3 �> t� �' f/



0 {Em> t 3 �� �' f �m D s 3 �/

0 {Es 3 �> n� �' f �n D t 3 �1

Fdudfwìulvdwlrq srxu gl�ìuhqwv surfhvvxv =

41 Srxu xq surfhvvxv DUPDEs> t�/ rq rewlhqw oh wdeohdx
#
Gs>t Gt

Gs f

$

rü Gs>t hvw gì�ql sdu

m@n f � 2 t
f {Ef> f� {Ef> �� {Ef> 2� u u u {Ef> t�
� {E�> f� {E�> �� {E�> 2� u u u {E�> t�
2 {E2> f� {E2> �� {E2> 2� u u u {E2> t�

111 111 111 111
s {Es> f� {Es> �� {Es> 2� u u u f



Gt hvw gì�ql sdu

m@n t n � t n 2
f {Ef> t n �� {Ef> t n 2�
� {E�> t n �� {E�> t n 2�
2 {E2> t n �� {E2> t n 2�

111 111
s3 � {Es3 �> t n �� {Es3 �> t n 2�
s f f

hw Gs hvw gì�ql sdu

m@n f � = = = t 3 � t
sn � {Esn �> f� {Esn �> �� = = = {Esn �> t 3 �� f
sn 2 {Esn �> f� {Esn 2> �� = = = {Esn 2> t 3 �� f



51 Gdqv oh fdv g*xq surfhvvxv PDEt�/ rq rewlhqw oh wdeohdx =

m@n� � � f � 2 = = = t 3 � t t n �
f {Ef> f� {E�> �� {E�> 2� = = = {E�> s� f f
� {E�> f� {E�> �� {E�> 2� = = = {E�> s� f f
2 {E2> f� {E2> �� {E2> 2� = = = {E2> s� f f

111 111 111 111 111 111
s {Es> f� {Et> �� {Et> 2� = = = {Et> s� f f

61 Gdqv oh fdv g*xq surfhvvxv DUEs�/ rq rewlhqw oh wdeohdx =

m@n f � 2 = = = t
� {E�> f� {E�> �� {E�> 2� = = = {E�> t�
2 {E2> f� {E2> �� {E2> 2� = = = {E2> t�
111 111 111 111 111

s3 � {Es3 �> f� {Es3 �> �� {Es3 �> 2� = = = {Es3 �> t�
s f f f = = = f

sn � f f f = = = f



LL, Xwlolvdwlrq ghv prphqwv hpslultxhv

� Wrxwhv ohv fdudfwìulvwltxhv suìfìghqwhv uhsrvhqw vxu ohv ydohxuv sulvhv sdu od irqfwlrq
g*dxwrfryduldqfhv +sduwlhoohv,1

� Hq xwlolvdqw ohv uìvxowdwv gx fkdslwuh 6 +frpsruwhphqw dv|pswrwltxh ghv hvwlpdwhxuv
hpslultxhv,/ ghv whvwv shxyhqw íwuh frqvwuxlwv1

� Ohv ghx{ whvwv ohv soxv xvxhov vrqw fhx{ gh qxoolwì gh od irqfwlrq g*dxwrfryduldqfh
hw gh od irqfwlrq g*dxwrfruuìodwlrq sduwlhooh1

41 Srxu xq surfhvvxv PDEt�/ rq frqvwuxlw xqh vwdwlvwltxh gh whvw ã sduwlu gh od
uhodwlrq

I
W E	�[Ekn t� 3 �[Ekn t��

O< �

3

Cf> �2[Ef� n 2
t[

m'�

�2[Em�

4

D



rx

I
W E	�[Ekn t�3 �[Ekn t��

O< �

3

Cf> � n 2
t[

m'�

�2[Em�

4

D =

51 Srxu xq surfhvvxvDUEs�/ rq frqvwuxlw xqh vwdwlvwltxh gh whvw ã sduwlu gh od uhodwlrq

I
W

3

EEEC

	u[Esn ��
	u[Esn 2�

111
	u[Esn k�

4

FFFD
O< � Ef> Lgk�

61 Srxu xq surfhvvxv DUPD/ rq shxw xwlolvhu od pìwkrgh gx frlq1 Hq xwlolvdqw ohv
fruuìodwlrqv fdqrqltxhv/ ohv ruguhv s hw t vrqw whov txh =

0 �{m>n ' f �m D s hw �n D t/

0 �{m>t3� �' f �m D s3 �/



0 �{s3�>n �' f �n D t 3 �1

dyhf

�{m>n '

���������

�[En n �� �[En n 2� = = = �[En n m n ��
�[En� �[En n �� = = = �[En n m�
= = =

�[En n � 3 m� = = = = = = �[En n ��

���������

� Rq shxw hvwlphu ohv �{m>n hq uhpsodêdqw ohv fruuìodwlrqv sdu ohxuv hvwlpdwhxuv hw
vd yduldqfh hq uhpdutxdqw tx*lo v*djlw g*xqh irqfwlrq gl�ìuhqwldeoh gx yhfwhxu ghv
dxwrfruuìodwlrqv1 Rq frqvlgëuh doruv ohv udssruwv gh Vwxghqw dvvrflìhv dx{ �{m>n

���������

f�{m>nu
	YduEf�{m>n�

���������

=

Hq frpsdudqw ã �> bS od ydohxu gh fh udssruw/ rq rewlhqw xq whvw dv|pswrwltxh gh
qxoolwì gx frh!flhqw dx vhxlo gh DI1



816 Skdvh g*hvwlpdwlrq

E Hvwlpdwlrq g*xq prgëoh dxwruìjuhvvli

Vrlw oh surfhvvxv vwrfkdvwltxh glvfuhw E[w�wM] =

[w ' !�[w3� n !2[w32 n 1 1 1 n !s[w3s n %w

rü %w # EEEf> �2%�

L, Htxdwlrqv gh \xoh0Zdonhu

Ohv ìtxdwlrqv gh \xoh0Zdonhu vrqw grqqìhv sdu
3

EEEC

�[E��
�[E2�

�[Es�

4

FFFD '

3

EEEC

�[Ef� �[E�� u u u �[Es 3 ��
�[E�� �[Ef� u u u 111

111 �[E��
�[Es 3 �� u u u �[E�� �[Ef�

4

FFFD

3

EEEC

!�
!2111
!s

4

FFFD



hw

�2
% ' �[Ef� 3

�
�[E�� �[E2� u u u �[Es�

�

3

EEEC

!�
!2111
!s

4

FFFD

� Vrxv iruph pdwulflhooh =

� ' Ks3�!

�2
% ' �[Ef� 3 ��!

dyhf

� '

3

EEEC

�[E��
�[E2�

�[Es�

4

FFFD ! '

3

EEEC

!�
!2

!s

4

FFFD



Hq xwlolvdqw ohv hvwlpdwhxuv ghv prphqwv hpslultxhv/ ohv hvwlpdwhxuv gh \xoh0Zdonhu
vrqw grqqìv sdu =

	! ' 	K3�
s3�	�

	�2
% ' 	�[Ef� 3 	��	!

SURSRVLWLRQ =

Vrlw E[w�wM] xq surfhvvxv vwrfkdvwltxh glvfuhw dgphwwdqw xqh uhsuìvhqwdwlrqDUEs�1
Vrxv fhuwdlqhv frqglwlrqv gh uìjxodulwì/ oruvtxh W whqg yhuv n" =

I
W E	! 3 !�

O< �
�
f> �2

%K
3�
s3�

�

hw 	�2
%
S< �2

%1



LL, Hvwlpdwlrq sdu pd{lpxp gh yudlvhpeodqfh

Od irqfwlrq gh yudlvhpeodqfh v*ìfulw =

OE{�> {2> = = = > {w3�> {w(!> �
2
%�

'
W\

w'sn�

OE{w�{w3�> ===> {w3s(!> �
2
%�

s\

w'2

OE{w�{w3�> ===> {�(!> �
2
%�OE{�(!> �

2
%�

Od sduwlh gh od yudlvhpeodqfh txl fruuhvsrqg dx{ frqglwlrqv lqlwldohv gx surfhvvxv
shxw íwuh wudlwìh frpph xqh frqvwdqwh +pd{lpxp gh yudlvhpeodqfh frqglwlrqqhooh,
rx qrq +pd{lpxp gh yudlvhpeodqfh qrq frqglwlrqqhooh,1



Hq sudwltxh hooh hvw qìjoljìh gdqv oh fdofxo gh od pd{lplvdwlrq hw rq frqvlgëuh xql0
txhphqw od irqfwlrq gh orj0yudlvhpeodqfh frqglwlrqqhooh txl v*ìfulw vrxv o*k|srwkëvh
txh % d xqh glvwulexwlrq Jdxvvlhqqh +ã xqh frqvwdqwh suëv, =

*L}
W\

w'sn�

OE{w�{w3�> ===> {w3s(!> �
2
%�

' 3
W 3 s

2
*L}E�2

%�3
�

2�2
%

W[

w'sn�

E{w 3
s[

m'�

!m{w3m�
2

O*hvwlpdwhxu gx pd{lpxp gh yudlvhpeodqfh gh E!> �2
%� hvw grqf fhoxl ghv prlqguhv

fduuìv ruglqdluhv1 O*hvwlpdwhxu gx pd{lpxp gh yudlvhpeodqfh gh �2
% hvw grqqì hq

sduwlfxolhu sdu =

	�2
% '

�

W 3 s

W[

w'sn�

	%2w >

rü 	%2w ' {w 3
Ss
m'�

	!m{w3m1



SURSRVLWLRQ =

Vrlw E[w�wM] xq surfhvvxv vwrfkdvwltxh glvfuhw dgphwwdqw xqh uhsuìvhqwdwlrq DUEs�

rü E%w�wM] hvw qrupdohphqw glvwulexìh gh yduldqfh �2
%1 Oruvtxh W whqg yhuv n" =

I
W E	! 3 !�

O< �
�
f> �2

%K
3�
s3�

�

hw 	�2
%
S< �2

%1



E Hvwlpdwlrq g*xqh pr|hqqh preloh

Vrlw oh surfhvvxv vwrfkdvwltxh glvfuhw E[w�wM] =

[w ' %w n ��%w3� n �2%w32 n 1 1 1 n �t%w3t

rü %w # EEEf> �2
%�

L, Hvwlpdwlrq sdu pd{lpxp gh yudlvhpeodqfh

Lo h{lvwh ghv pdwulfhvD�E��> = = = > �t� gh wdlooh WfW wuldqjxodluh lqiìulhxuh hwD2E��> = = = > �t�

gh wdlooh W f t whoohv txh
3

EEEC

%�
%2

%W

4

FFFD ' D�E��> = = = > �t�

3

EEEC

{�
{2

{W

4

FFFDnD2E��> = = = > �t�

3

EEEC

%�3t
%23t

%f

4

FFFD



fh txl shxw hqfruh vh uììfuluh gh od pdqlëuh vxlydqwh
3

EEEC

%�3t
%23t

%W

4

FFFD '

#
Lgt f

D�E��> = = = > �t� D2E��> = = = > �t�

$#
%fG�3t
{

$

dyhf %fG�3t ' E%�3t> ===> %f�
�=

� Od ghqvlwì gh suredelolwì gx yhfwhxu E%�3t> ===> %W � vrxv o*k|srwkëvh Jdxvvlhqqh hvw
grqf =

�
2��2%

�3EtnW �@2
i T

#

3
�

2�2%

�
%�fG�3t {�

�
D�D

#
%fG�3t
{

$$

� Od orl pdujlqdoh gh { v*hq gìgxlw =

�
2��2%

�3W@2
_i|ELt nD�

2D2�
3�@2 i T

#

3
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2�2%
{�D�

�ELgW nD2D
�
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� Lo qh uhvwh soxv tx*ã pd{lplvhu sdu udssruw ã E��> = = = > �t� hw �2%1

SURSRVLWLRQ =

Vrlw E[w�wM] xq surfhvvxv vwrfkdvwltxh glvfuhw dgphwwdqw xqh uhsuìvhqwdwlrqPDEt�

rü E%w�wM] hvw qrupdohphqw glvwulexìh gh yduldqfh �2%1 Oruvtxh W whqg yhuv n" =

I
W E	� 3 ��

O< �
�
f> �2%K

3�
t3�

�

hw 	�2%
S< �2%/ rü Kt3� hvw od pdwulfh ghv dxwrfryduldqfhv g*xq surfhvvxv E\w�wM]

dxwruìjuhvvli g*ruguh t txl vdwlvidlw xqh ìtxdwlrq gh od iruph =

�w ' \w n ��\w3� n �2\w32 n 1 1 1 n �t\w3t

rü �w # EEEf> �2��1



E Hvwlpdwlrq g*xq prgëoh DUPDEs> t�

L, Rq surfëgh sdu xqh hvwlpdwlrq hq ghx{ ìwdshv

� Hwdsh 4 = Rq xwlolvh ohv ìtxdwlrqv gh \xoh0Zdonhu srxu hvwlphu ohv sdudpëwuhv gh
od iruph dxwruìjuhvvlyh1

� Hwdsh 5 = Rq shxw doruv frqvlgìuhu oh prgëoh pr|hqqh preloh dssur{lpdwlyhphqw
vdwlvidlw sdu oh surfhvvxv =

{w 3 	!�{w3� 3 = = =3 	!s{w3s=

Fhwwh pìwkrgh frqgxlw ã ghv hvwlpdwhxuv prlqv h!fdfhv txh fhx{ gx pd{lpxp gh
yudlvhpeodqfh1



LL, Hvwlpdwlrq sdu pd{lpxp gh yudlvhpeodqfh

Vrlw E[w�wM] xq surfhvvxv vwrfkdvwltxh glvfuhw dgphwwdqw xqh uhsuìvhqwdwlrqDUPDEs> t�
rü E%w�wM] hvw qrupdohphqw glvwulexìh gh yduldqfh �2%1 Oruvtxh W whqg yhuv n" =

I
W

#
	! 3 !
	� 3 �

$
O< �

�
f> �2%K

3�
�

hw 	�2%
S< �2%/ rü K hvw od pdwulfh ghv dxwrfryduldqfhv gx yhfwhxu

E\w> = = = > \w3sn�> ]w = = = > ]w3tn��

rü E\w�wM] hvw xq surfhvvxv dxwruìjuhvvli g*ruguh s txl vdwlvidlw xqh ìtxdwlrq gh od
iruph =

�w ' \w 3 !�\w3� 3 !2\w32 3 1 1 1 3 !s\w3s

hw rü E]w�wM] hvw xq surfhvvxv dxwruìjuhvvli g*ruguh t txl vdwlvidlw xqh ìtxdwlrq gh
od iruph =

�w ' ]w n ��]w3� n �2]w32 n 1 1 1 n �t]w3t

rü �w # EEEf> �2��1



817 Skdvh gh yìul�fdwlrq

Ghx{ sulqflsdx{ w|shv gh whvwv =

41 ohv whvwv frqfhuqdqw o*hvwlpdwlrq ghv sdudpëwuhv/

51 ohv whvwv frqfhuqdqw ohv k|srwkëvhv vxu %1

E Whvwv vxu ohv ruguhv s hw t

Frqvlgìurqv xq prgëoh DUPDEs> t� gh od iruph

xEO�[w ' �n XEO�%w

rü ohv sro|qíphv x hw X rqw wrxwhv ohxuv udflqhv gh prgxoh vwulfwhphqw vxsìulhxu ã
xq hw vrqw suhplhuv hqwuh hx{/ hw %w hvw gh yduldqfh �2

%1



O*lgìh jìqìudoh hvw gh idluh xq whvw gh vljql�fdwlylwì vwdqgdug +dv|pswrwltxhphqw
qrupdo, ghv frh!flhqwv !s hw �t =

+
Kf G !s ' f>
K� G !s �' f>

rx
+
Kf G �t ' f>
K� G �t �' f=

Srxu frpsduhu xqh vsìfl�fdwlrq DUPDEs> t� dyhf xqh irupxodwlrq DUPDEs�> t��/
lo hvw xwloh gh vh sodfhu gdqv oh fdv rü o*xq ghv prgëohv hvw xq fdv sduwlfxolhu gh o*dxwuh1

Lo q*hvw sdv srvvleoh gh whvwhu od qìfhvvlwì g*dxjphqwhu vlpxowdqìphqw ohv ghjuìv ghv
sro|q÷phv dxwruìjuhvvli hw pr|hqqh preloh1



E Ohv whvwv frqfhuqdqw ohv k|srwkëvhv vxu %1

O*remhfwli hvw gh yìul�hu vl od vìulh ghv uìvlgxv hvwlpìv hvw frkìuhqwh dyhf o*k|srwkëvh
gh euxlw eodqf +Jdxvvlhq,1

� Ghx{ w|shv gh whvwv =

41 Whvwv g*devhqfh gh fruuìodwlrq ghv uìvlgxv/

51 Whvwv gh qrupdolwì ghv uìvlgxv1



L, Whvwv g*devhqfh gh fruuìodwlrq ghv uìvlgxv

� Oh whvw gh Er{0Slhufh shuphw g*lghqwl�hu ohv surfhvvxv gh euxlw eodqf +l1h1 ohv
surfhvvxv doìdwrluhv gh pr|hqqh qxooh/ gh yduldqfh frqvwdqwh hw qrq dxwrfruuìoìv,

Kf G �%E�� ' �%E2� ' = = = ' �%Ek� ' f>

K� G lo h{lvwh l who txh �%El� �' f=

� Od vwdwlvwltxh gh Er{0Slhufh hvw grqqìh sdu =

Tk ' W
k[

n'�

	�2%En�=

Fhwwh vwdwlvwltxh hvw g*dxwdqw soxv judqgh tx*lo h{lvwh xqh fruuìodwlrq qrq qxooh hqwuh
ohv frpsrvdqwhv gx surfhvvxv E%w� hqwuh o*ruguh � hw o*ruguh k1



Vrxv o*k|srwkëvh gh euxlw eodqf

Tk
O< "2Ek3 s3 t�=

� Fhwwh vwdwlvwltxh shxw íwuh fruuljìh frpph vxlw +vwdwlvwltxh gh Omxqj0Er{, =

Tk ' W EW n 2�
k[

n'�

EW 3 k�3�	�2%En�=

LL, Whvwv gh qrupdolwì

Rq srxuud xwlolvhu sdu h{hpsoh oh vwdwlvwltxh gh Mdutxh0Ehud rx xwlolvhu oh whvw gh
Nroprjruri0Vpluqry1



818 Fkrl{ g*xq prgëoh

Soxvlhxuv prgëohv +wuëv gl�ìuhqwv, shxyhqw fr0h{lvwhu dsuëv ohv skdvhv suìfìghqwhv1
Fhshqgdqw/ lo uhvwh xq fhuwdlq qrpeuh gh fulwëuhv gh fkrl{ =

� fulwëuh gh sduflprqlh/

� fulwëuh gh srxyrlu suìglfwli/

� fulwëuh g*lqirupdwlrq1

E Fulwëuh gh sduflprqlh

� Sulyloìjlhu xq prgëoh dyhf sn t plqlpdo1



E Fulwëuh gh srxyrlu suìglfwli

� Fkhufkhu oh prgëoh txl grqqh ohv huuhxuv gh suìylvlrqv ohv soxv idleohv1 Lo h{lvwh
glyhuv fulwëuhv =

41 o*hvwlpdwlrq 	�2W gh od yduldqfh/

51 oh frh!flhqw gh gìwhuplqdwlrq/ U2 ' �3	�2W@	�\ Ef�/ 	�\ Ef� ìwdqw od yduldqfh
hpslultxh gh od vìulh lqlwldoh gl�ìuhqflìh ã o*ruguh g/ dyhf \w ' E�3 O�g[w/

61 oh frh!flhqw gh gìwhuplqdwlrq prgl�ì

U2 ' �3
	�2W@EW 3 s3 t�

	�\ Ef�@EW 3 ��
>

71 od vwdwlvwltxh gh Ilvkhu

I '
E	�\ Ef�3 	�2W �@EW 3 s3 t�

	�2W@EW 3 ��
=

Oh exw hvw doruv gh plqlplvhu +4, rx gh pd{lplvhu +5,/ +6, rx +7,1



E Fulwëuh g*lqirupdwlrq

Xq fulwëuh g*lqirupdwlrq phvxuh od txdolwì gh o*dmxvwhphqw g*xq prgëoh hq dvvljqdqw
xq frþw g*lqirupdwlrq dx qrpeuh gh sdudpëwuhv ã hvwlphu +lo h{lvwh wrxmrxuv xq
duelwudjh hqwuh s hw t hq fkrlvlvvdqw ohv ruguhv dxwruìjuhvvli hw pr|hqqh preloh,1

� Oh fulwëuh g*lqirupdwlrq oh soxv qdòi hvw fhoxl gh od yduldqfh uìvlgxhooh =

	�2s>t '
�

W

W[

w'�

	%2w Es> t�

rü 	%wEs> t� hvw oh whuph g*huuhxu dmxvwì g*xq prgëoh DUPDEs> t�1

� O*lqfrqyìqlhqw gh fh fulwëuh hvw tx*lo whqg ã idyrulvhu ohv prgëohv dyhf ehdxfrxs
gh sdudpëwuhv +dyhf xq ulvtxh gh vxu0dmxvwhphqw, sdu udssruw dx{ prgëohv dyhf shx
gh sdudpëwuhv +sulqflsh gh sduflprqlh,1



� O*lgìh hvw doruv g*lqwurgxluh ghv fulwëuhv gh sìqdolwì srxu oh qrpeuh gh sdudpëwuhv =
ohv fulwëuhv g*lqirupdwlrq gl�ëuhqw gdqv od pdqlëuh gh sìqdolvhu oh qrpeuh gh sdud0
pëwuhv hvwlpìv1

� O*remhfwli ìwdqw gh srxyrlu frpsduhu ghv prgëohv txl qh vrqw sdv qìfhvvdluhphqw
hperñwìv ohv xqv gdqv ohv dxwuhv/ rq vh irqgh vxu xqh phvxuh gh o*ìfduw hqwuh od
yudlh orl lqfrqqxh +gx prgëoh lpsolflwh vdwlvidlvdqw ohv grqqìhv rx orl gx surfhvvxv
jìqìudwhxu ghv grqqìhv, hw oh prgëoh sursrvì +ohv prgëohv DUPD sdu ohvtxhov rq
fkhufkh ã dssur{lphu oh prgëoh lpsolflwh ghv grqqìhv,1

� Lo v*djlw doruv gh vìohfwlrqqhu od phloohxuh dssur{lpdwlrq/ l1h1 fhooh srxu odtxhooh od
glvwdqfh dx yudl prgëoh hvw od soxv idleoh1

� Od phvxuh uhwhqxh hvw kdelwxhoohphqw od txdqwlwì g*lqirupdwlrq gh Nxooedfn hqwuh
ohv ghqvlwìv gh suredelolwì gh ghx{ prgëohv1



GHILQLWLRQ =

Vrlw i od ghqvlwì gh suredelolwì lqfrqqxh ghv revhuydwlrqv hw tiE{�> i M 5s>t� od
idplooh gh ghqvlwìv fruuhvsrqgdqw dx prgëoh DUPDEs> t�/ o*ìfduw hqwuh od yudlh orl
hw oh prgëoh hvw phvxuì sdu =

gNEif>5s>t� ' 4�?
iM5s>t

]
*L}

#
ifE{�

iE{�

$

ifE{�g{=

Fhwwh txdqwlwì hvw wrxmrxuv srvlwlyh hw qh v*dqqxoh txh vl if dssduwlhqw ã 5s>t1

Fhwwh txdqwlwì hvw lqfrqqxh hw rq fkhufkh grqf ã plqlplvhu xq hvwlpdwhxu gh fhwwh
phvxuh1



Soxvlhxuv hvwlpdwhxuv gh od txdqwlwì g*lqirupdwlrq rqw ìwì sursrvìv =

41 Oh fulwëuh g*Dndlnh =

DLFEs> t� ' *L}E	�2
s>t� n 2

sn t

W
=

Oh prgëoh +f*hvw0ã0gluh od frpelqdlvrq Es> t�, hvw fkrlvl sdu plqlplvdwlrq gx fulwëuh
DLF1

Uhpdutxhv =

41 Lo shxw h{lvwhu soxvlhxuv plqlpd +l1h1/ frpelqdlvrqv Es> t� txl grqqhqw od pëph
ydohxu srxu oh fulwëuh DLF, >

51 Oh fulwëuh DLF gìshqg gh o*k|srwkëvh gh qrupdolwì >

61 Oh fulwëuh DLF whqg ã vxu0sdudpìwulvhu +ã sduwlu gh vlpxodwlrqv gh Prqwh
Fduor, >



71 Oh fulwëuh g*Dndlnh q*hvw sdv frqyhujhqw +od suredelolwì gh vìohfwlrqqhu oh erq
prgëoh qh frqyhujh sdv yhuv 4 oruvtxh oh qrpeuh g*revhuydwlrqv whqg yhuv o*lq�ql,1

51 Oh fulwëuh gh Vfkzduw} =

ELFEs> t� ' *L}E	�2
s>t� n Esn t�

*L} W

W
=

� Oh prgëoh +f*hvw0ã0gluh od frpelqdlvrq Es> t�, hvw fkrlvl hq plqlplvdqw oh fulwëuh
ELF1

� Oh fulwëuh ELF whqg ã sìqdolvhu soxv ohv prgëohv dyhf xq soxv judqg qrpeuh gh
sdudpëwuhv txh oh fulwëuh DLF/ l1h1 oh fulwëuh ELF whqg ã fkrlvlu ghv prgëohv dyhf
prlqv gh sdudpëwuhv1

� Oh fulwëuh ELF hvw +iruwhphqw, frqyhujhqw +od suredelolwì gh vìohfwlrqqhu oh erq
prgëoh frqyhujh +suhvtxh vþuhphqw, yhuv 4 oruvtxh oh qrpeuh g*revhuydwlrqv whqg
yhuv o*lq�ql,1



61 Oh fulwëuh g*Dndlnh fruuljì =

DLFFEs> t� ' *L}E	�2
s>t� n 2

sn t n �

W 3 s 3 t 3 2
=

� O*remhfwli hvw gh fruuljhu oh %eldlv gh vxusdudpìwulvdwlrq% gx fulwëuh DLF1

� Ohv fulwëuhv DLF hw DLFF vrqw dv|pswrwltxhphqw ìtxlydohqwv1

� Fh fulwëuh hvw wuëv xwloh oruvtxh od wdlooh gh o*ìfkdqwloorq hvw idleoh1

� Oh fulwëuh gh sìqdolwì hvw frpsulv hqwuh fhoxl gx fulwëuh DLF hw fhoxl gx fulwëuh
ELF1

71 Oh fulwëuh g*Kdqqdq0Txlqq =

KQEs> t� ' *L}E	�2
s>t� n

sn t

W
f *L} *L}W

dyhf f A 21



� Oh fulwëuh KQ hvw +iruwhphqw, frqyhujhqw1

� Ohv fulwëuhv DLF hw ELF vrqw jìqìudohphqw suìiìuìv1

Hq sudwltxh/ rq xwlolvh vrxyhqw od uëjoh vxlydqwh =

41 Il{hu ohv eruqhv vxsìulhxuhv ghv ruguhv DU hw PD = spd{ hw tpd{

51 Hvwlphu wrxv ohv prgëohvDUPDEs> t� +rü f $ s $ spd{ hw f $ t $ tpd{,
hq xwlolvdqw xq ìfkdqwloorq frppxq1

61 Fkrlvlu oh rx ohv phloohxuv prgëohv hq plqlplvdqw ohv fulwëuhv g*lqirupdwlrq
suìfìghqwv1



� Uhpdutxhv =

41 Od gìwhuplqdwlrq gx prgëoh �qdo qh vh irqgh sdv qìfhvvdluhphqw vxu xq gh fhv
fulwëuhv +oh phloohxu prgëoh lq0vdpsoh q*hvw sdv qìfhvdluhphqw oh phloohxu prgëoh
rxw0ri0vdpsoh, >

51 Ohv fulwëuhv g*lqirupdwlrq shxyhqw uhfrppdqghu ghv prgìohv gl�ìuhqwv1

61 Lo shxw íwuh xwloh gh frqvlgìuhu ohv prgëohv �dgmdfhqwv� +l1h1 fhx{ grqw od ydohxu
gx fulwëuh g*lqirupdwlrq hvw surfkh gx plqlpxp,1



� Vrxv

Srxu hvwlphu ohv sdudpëwuhv g*xq surfhvvxv DULPDEs> g> t�/ rq xwlolvh od irqfwlrq

dulpd+{/ rughu @ f+3/ 3/ 3,/

vhdvrqdo @ olvw+rughu @ f+3/ 3/ 3,/ shulrg @ QD,/

{uhj @ QXOO/ lqfoxgh1phdq @ WUXH/

wudqvirup1sduv @ WUXH/

il{hg @ QXOO/ lqlw @ QXOO/

phwkrg @ f+%FVV0PO%/ %PO%/ %FVV%,/111,

Srxu hvwlphu xq surfhvvxv DU/ rq xwlolvh od irqfwlrq

du+{/ dlf @ WUXH/ rughu1pd{ @ QXOO/

phwkrg@f+%|xoh0zdonhu%/ %exuj%/ %rov%/ %poh%/ %|z%,/

qd1dfwlrq/ vhulhv/ 111,



819 H{hpsohv

E Vlpxodwlrq g*xq DUE�� dyhf * ' f> .

wv1vlp ?0 dulpd1vlp+olvw+rughu @ f+4/3/3,/ du @ 31:,/ q @ 833,

� Hvwlpdwlrq dxwrpdwltxh ã o*dlgh gx fulwëuh DLF

uhf4 ?0du+wv1vlp,

uhf4

uhf4'{1phdq

vtuw+gldj+uhf4'dv|1ydu1frhi,,



A uhf4

Fdoo =

du+{ @ wv1vlp,

Frhiilflhqwv =

4

3199<;

Rughu vhohfwhg 4 vljpda5 hvwlpdwhg dv 31<47

A uhf4'{1phdq

^4` 313:<8;8;5

A vtuw+gldj+uhf4'dv|1ydu1frhi,,

^4` 313665:795



� Hvwlpdwlrq ghv frh!flhqwv g*xq DUE��

uhf5 ?0dulpd+wv1vlp/ rughu @ f+4/3/3,,

uhf5

A uhf5

Fdoo =

dulpd+{ @ wv1vlp/ rughu @ f+4/ 3/ 3,,

Frhiilflhqwv =

du4 lqwhufhsw

3199<; 313:6<

v1h1 313664 3145;9

vljpda5 hvwlpdwhg dv 31<3< = orj olnholkrrg @ 09;81</ dlf @ 46::1;



� Hvwlpdwlrq ghv frh!flhqwv g*xq DUE2�

uhf6 ?0dulpd+wv1vlp/ rughu @ f+5/3/3,,

uhf6

A uhf6

Fdoo =

dulpd+{ @ wv1vlp/ rughu @ f+5/ 3/ 3,,

Frhiilflhqwv =

du4 du5 lqwhufhsw

31984; 31359; 313:68

v1h1 31377: 31377: 314653

vljpda5 hvwlpdwhg dv 31<3;6 = orj olnholkrrg @ 09;81:5/ dlf @ 46:<178



E Vlpxodwlrq g*xq DULPDE�> �> �� dyhf * ' 3f> �/ � ' f> D

wv1vlp ?0 dulpd1vlp+olvw+rughu @ f+4/4/4,/ du @ 0316/ pd@318,/ q @ 833,

� Hvwlpdwlrq ghv frh!flhqwv g*xq DULPDE�> �> ��

A uhf4 ?0dulpd+wv1vlp/ rughu @ f+4/4/4,,

A uhf4

Fdoo =

dulpd+{ @ wv1vlp/ rughu @ f+4/ 4/ 4,,

Frhiilflhqwv =

du4 pd4

0315559 31759:

v1h1 314;;; 314:7;

vljpda5 hvwlpdwhg dv 31<7;7 = orj olnholkrrg @ 09<9158/ dlf @ 46<;17<



� Hvwlpdwlrq ghv frh!flhqwv g*xq DULPDEf> �> ��

A uhf5 ?0dulpd+wv1vlp/ rughu @ f+3/4/4,,

A uhf5

Fdoo =

dulpd+{ @ wv1vlp/ rughu @ f+3/ 4/ 4,,

Frhiilflhqwv =

pd4

31546:

v1h1 313794

vljpda5 hvwlpdwhg dv 31<83: = orj olnholkrrg @ 09<91;7/ dlf @ 46<:19;



� Hvwlpdwlrq ghv frh!flhqwv g*xq DULPDE�> �> f�

A uhf6 ?0dulpd+wv1vlp/ rughu @ f+4/4/3,,

A uhf6

Fdoo =

dulpd+{ @ wv1vlp/ rughu @ f+4/ 4/ 3,,

Frhiilflhqwv =

du4

314;99

v1h1 313773

vljpda5 hvwlpdwhg dv 31<889 = orj olnholkrrg @ 09<;146/ dlf @ 473315:



E Frqfhqwudwlrqv hq FR2 0 Prgìolvdwlrq ghv uìvlgxv lvvxv ghv pr|hqqhv prelohv

� �� �� �� ��
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�

/DJ

$&
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$&)����/�;
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��
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/DJ

3D
UWL
DO
�$
&
)

S$&)����/�;
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S$&)����/A���;
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��
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/DJ

3D
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&
)

S$&)����/����/A���;



� Hvwlpdwlrq ghv frh!flhqwv g*xq VDULPDE�> �> S�Ef> �> ��

dulpd+{ @ uhvl/ rughu @ f+4/ 4/ 9,/

vhdvrqdo @ olvw+rughu @ f+3/ 4/ 4,/ shulrg @ 45,,

Frhiilflhqwv =

du4 pd4 pd5 pd6

318954 0417898 315<<5 313336

v1h1 315955 315;5< 315966 313<5<

pd7 pd8 pd9 vpd4

3133:8 313<7< 313884 031;;7;

v1h1 313<3< 314889 31546< 313544

vljpda5 hvwlpdwhg dv 31384;< = orj olnholkrrg @ 4;14;/ dlf @ 04;169



6WDQGDUGL]HG�5HVLGXDOV
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E Frqfhqwudwlrqv hq FR2 0 Prgìolvdwlrq ghv uìvlgxv Ex|v Edoorw
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� Hvwlpdwlrq ghv frh!flhqwv g*xq VDULPDEf> �> .�E�> f> f�

dulpd+{ @ uhvl/ rughu @ f+3/ 4/ :,/

vhdvrqdo @ olvw+rughu @ f+4/ 3/ 3,/ shulrg @ 45,,

Frhiilflhqwv =

pd4 pd5 pd6 pd7

0315<5; 0313694 0313;9: 03136:3

v1h1 313738 313753 313755 313747

pd8 pd9 pd: vdu4

3134;6 0313:37 0313;9< 31436<

v1h1 313774 313783 313748 313749

vljpda5 hvwlpdwhg dv 313;7; = orj olnholkrrg @ 0447197/ dlf @ 57:15<



6WDQGDUGL]HG�5HVLGXDOV

7LPH
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E Frqfhqwudwlrqv hq FR2 0 Vìulh 0 whqgdqfh sdu od pìwkrgh gh Ex|v Edoorw
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� Hvwlpdwlrq ghv frh!flhqwv g*xq VDULPDEf> �> ��Ef> �> ��

dulpd+{ @ uhvl/ rughu @ f+3/ 4/ 4,/

vhdvrqdo @ olvw+rughu @ f+3/ 4/ 4,/ shulrg @ 45,,

Frhiilflhqwv =

pd4 vpd4

0316;3< 031;:98

v1h1 31374< 31353:

vljpda5 hvwlpdwhg dv 313;;69 = orj olnholkrrg @ 0466188/ dlf @ 5:614
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9 Suìylvlrqv

914 Oh olvvdjh h{srqhqwlho

Lo v*djlw g*xqh pìwkrgrorjlh shuphwwdqw ghv fdofxov gh suìylvlrqv qh uhsrvdqw vxu
dxfxq +rx suhvtxh, prgëoh1

41 Olvvdjh h{srqhqwlho vlpsoh

Rq glvsrvh g*revhuydwlrqv g*xqh vìulh whpsruhooh =[�> = = = >[W 1 Rq fkhufkh ã suìgluh
ohv ydohxuv ixwxuhv1 Srxu wrxw frh!flhqw � M Ef> ��/ dsshoì frqvwdqwh gh olvvdjh/ rq
gì�qlw od vìulh olvvìh

	[w ' E�3 ��E[w n �[w3� n �2[w32 n = = =n �w3�[��

' E�3 ��
w3�[

m'f

�m[w3m> w ' �> ===> W=



UHPDUTXHV =

� Ohv revhuydwlrqv ohv soxv uìfhqwhv rqw o*lq xhqfh od soxv judqgh +gìfurlvvdqfh h{0
srqhqwlhooh, =

0 vl � hvw surfkh gh f/ lo | d xqh idleoh lq xhqfh gx sdvvì ìorljqì +suìylvlrq
vrxsoh,

0 vl � hvw surfkh gh �/ lo | d xqh iruwh lq xhqfh gx sdvvì ìorljqì +suìylvlrq
uljlgh,

� Irupxoh lqgìshqgdqwh gh k1 Qrwdwlrq = 	[W 1

E Irupxohv gh plvh ã mrxu

Rq d gluhfwhphqw

E�� G 	[W ' � 	[W3� n E�3 ��[W

E2� G 	[W ' 	[W3� n E�3 ��E[W 3 	[W3��



Irupxoh +4, = pr|hqqh srqgìuìh hqwuh od ghuqlëuh revhuydwlrq hw od suìylvlrq idlwh hq
W 3 �1

Irupxoh +5, = pìfdqlvph gh fruuhfwlrq g*huuhxu1 Qìfhvvlwì g*lqlwldolvhu ohv dojrulwkphv
gh plvh ã mrxu +sdu h{hpsoh 	[� ' [�,1

E Lqwhusuìwdwlrq

Vxssrvrqv txh od whqgdqfh vrlw ã shx suëv frqvwdqwh vxu od sìulrgh g*revhuydwlrq =

[w ' dn xw> Exw� ; EEEf> �2�> w ' �> ===> W=

Rq shxw hvwlphu d sdu prlqguhv fduuìv hq frqvlgìudqw oh surjudpph

4�?
d

W3�[

m'f

E[W3m 3 d�2=



Soxv jìqìudohphqw/ frqvlgìurqv oh surjudpph +prlqguhv fduuìv srqgìuìv,

4�?
d

W3�[

m'f

�mE[W3m 3 d�2=

Rq rewlhqw idflohphqw od vroxwlrq

	d '
E� 3 ��

E� 3 �W �

w3�[

m'f

�m[w3m=

Grqf srxu W dvvh} judqg/ rq d 	d s 	[W 1 	[W v*lqwhusuëwh grqf frpph od frqvwdqwh
txl dssur{lph oh plhx{ od vìulh �dx yrlvlqdjh� gh W 1 Lo v*djlw grqf g*xqh pìwkrgh
xwlolvdeoh oruvtxh od vìulh hvw dssur{lpdwlyhphqw frqvwdqwh dx yrlvlqdjh gh W +orfd0
ohphqw frqvwdqwh,

E Fkrl{ gh od frqvwdqw gh olvvdjh

0 Fulwëuhv vxemhfwliv = soxv rx prlqv judqgh vrxsohvvh1 Fkrl{ frqvhlooì sdu Eurzq
+lqyhqwhxu gh od pìwkrgh, = � ' f> .1



0 Fulwëuh remhfwli = rq fkrlvlw od frqvwdqwh txl plqlplvh od vrpph ghv fduuìv ghv
huuhxuv gh suìylvlrq dx{ gdwhv �> ===> W 3 � =

W3�[

w'�

E[wn� 3 	[w�
2 '

W3�[

w'�

E[wn� 3 E� 3 ��
w3�[

m'f

�m[w3m�
2=



51 Olvvdjh h{srqhqwlho grxeoh

Fhwwh pìwkrgh hvw soxv jìqìudoh/ hw soxv dgdswìh dx{ vìulhv whpsruhoohv suìvhqwdqw
xqh whqgdqfh qrq frqvwdqwh1

Vxssrvrqv txh o*rq dmxvwh od vìulh/ dx yrlvlqdjh gh W / sdu xqh gurlwh =

[w ' d� n Ew 3 W �d2 n xw> Exw� ; EEEf> �2�> w ' �> ===> W=

Gh pdqlëuh dqdorjxh/ rq frqvlgëuh oh surjudpph =

4�?
d�>d2

W3�[

m'f

�mE[W3m 3 d� n d2m�
2

srxu xqh suìylvlrq ã krul}rq k =

	[W Ek� ' 	d�EW � n k	d2EW �>



rü 	d�EW � hw 	d2EW � vrqw ohv vroxwlrqv gx surjudpph1 Od uìvroxwlrq gx surjudpph
grqqh +srxu W judqg, =

	d�EW � ' 2V�EW � 3 V2EW �

	d2EW � '
� 3 �

�
dV�EW � 3 V2EW �o

dyhf

V�EW � ' E� 3 ��
W3�[

m'f

�m[W3m +vìulh olvvìh,

V2EW � ' E� 3 ��
W3�[

m'f

�mV�EW 3 m� +vìulh grxeohphqw olvvìh,1

Fhv irupxohv qh vrqw jìqìudohphqw sdv xwlolvìhv hq sudwltxh1



E Irupxohv gh plvh ã mrxu

Rq rewlhqw +dsuëv txhotxhv fdofxov, =

	d�EW � ' 	d�EW 3 �� n 	d2EW 3 �� n E�3 �2�d[W 3 	[W3�E��o

	d2EW � ' 	d2EW 3 �� n E�3 ��2d[W 3 	[W3�E��o

Srxu xwlolvhu fhv irupxohv lo idxw lqlwldolvhu o*dojrulwkph > sdu h{hpsoh 	d�E2� ' [2 hw
	d2E2� ' [2 3[�=

E Lqwhusuìwdwlrq ghv irupxohv gh plvh ã mrxu

Vxssrvrqv txh o*rq dlw idlw xqh suìylvlrq sduidlwh ã od gdwh w3 � = [W ' 	[W3�E��1
Rq dxudlw

	d�EW � ' 	d�EW 3 �� n 	d2EW 3 ��

	d2EW � ' 	d2EW 3 ��



Ohv gurlwhv gh suìylvlrq vrqw grqf ohv píphv dx{ gdwhv W 3� hw W 1 Gdqv ohv irupxohv
gh plvh ã mrxu/ lo | d hq soxv ghv whuphv sursruwlrqqhov ã od ghuqlëuh huuhxu gh suìylvlrq1

E Dxwuhv irupxohv gh plvh ã mrxu

Rq d

	[W3�E�� ' 	d�EW 3 �� n 	d2EW 3 ��=

Grqf

	d�EW � ' E�3 �2�[W n �2 	[W3�E��

	d2EW � '
E�3 ��2

E�3 �2�
E	d�EW �3 	d�EW 3 ��� n

2�

� n �
	d2EW 3 ��=



61 Pìwkrgh gh Krow0Zlqwhuv qrq vdlvrqqlëuh

Frpph srxu oh olvvdjh h{srqhqwlho grxeoh/ rq vxssrvh txh od vìulh v*dmxvwh/ dx yrl0
vlqdjh gh W / sdu xqh gurlwh

[w ' d� n Ew 3 W �d2 n xw=

Rq lqwurgxlw 5 frqvwdqwhv gh olvvdjh f ? � ? �/ f ? � ? �1 Rq fkrlvlw ohv irupxohv
gh plvh ã mrxu =

	d�EW � ' E� 3 ��[W n �E	d�EW 3 �� n 	d2EW 3 ���

	d2EW � ' E� 3 ��E	d�EW � 3 	d�EW 3 ��� n �	d2EW 3 ��

srxu xqh suìylvlrq ã krul}rq k =

	[W Ek� ' 	d�EW � n k	d2EW �=

Fhwwh pìwkrgh hvw soxv  h{leoh txh oh olvvdjh h{srqhqwlho grxeoh/ pdlv lo idxw fkrlvlu
ghx{ frqvwdqwhv gh olvvdjh1



Rq shxw plqlplvhu hq � hw � oh fulwëuh

W3�[

w'�

E[wn� 3 	[wE���
2=

Srxu lqlwldolvhu ohv frqvwdqwhv/ rq shxw suhqguh sdu h{hpsoh 	d�E2� ' [2 hw 	d2E2� '
[2 3[�1



71 Pìwkrgh gh Krow0Zlqwhuv vdlvrqqlëuh

Od frpsrvdqwh vdlvrqqlëuh hvw lqwurgxlwh gh pdqlëuh dgglwlyh1 Rq vxssrvh tx*dx
yrlvlqdjh gh W / od vìulh shxw íwuh dssurfkìh sdu

[w ' d� n Ew 3 W �d2 n Vw n xw> Exw� ; EEEf> �2�> w ' �> ===> W>

rü Vw hvw xq idfwhxu vdlvrqqlhu suhqdqw v ydohxuv gl�ìuhqwhv +lqfrqqxhv, = V�> ===> Vv1

Rq lpsrvh/ srxu ghv udlvrqv g*lghqwl�delolwì/ V� n ===n Vv ' f1

E Irupxohv gh plvh ã mrxu

	d�EW � ' E� 3 ��E[W 3 	VW3v� n �E	d�EW 3 �� n 	d2EW 3 ���

	d2EW � ' E� 3 ��E	d�EW � 3 	d�EW 3 ��� n �	d2EW 3 ��

	VW ' E� 3 ��E[W 3 	d�EW �� n � 	VW3v



rü f ? � ? �/ f ? � ? �/ f ? � ? � vrqw ghv frqvwdqwhv1 Od suìylvlrq hvw =

	[W Ek� ' 	d�EW � n k	d2EW � n 	VWnk3v> srxu � $ k $ v

' 	d�EW � n k	d2EW � n 	VWnk32v> srxu v ? k $ 2v>

' hwf===

E Sureoëphv sudwltxhv

Fkrl{ ghv 6 frqvwdqwhv gh olvvdjh = o*hvwlpdwlrq sdu edod|djh shxw íwuh dvvh} orqjxh

Lqlwldolvdwlrq ghv irupxohv gh plvh ã mrxu = suhqrqv sdu h{hpsoh v ' e > rq frpphqfh
sdu �{hu =

0 	d�E�� ' 	d�E2� ' 	d�E�� ' 	d�Ee� ' pr|hqqh gh od suhplëuh dqqìh >

0 	d2E�� ' 	d2E2� ' 	d2E�� ' 	d2Ee� ' f1

Sxlv rq lqlwldolvh ohv frh!flhqwv vdlvrqqlhuv =

	Ve ' [e 3 	d�Ee�( 	V� ' [� 3 	d�E�� hwf 1 1 1



Dydqwdjhv ghv pìwkrghv gh olvvdjh =

0 plvh hq rhxyuh vlpsoh = ohv ìtxdwlrqv gh suìylvlrq vrqw idflohv ã lqwhusuìwhu hw
ohv fdofxov udslghv/

0 pìwkrghv qh uhsrvdqw vxu dxfxq prgëoh/

0 pìwkrghv sduirlv dxvvl shuirupdqwhv txh ghv pìwkrghv soxv vrsklvwltxìhv/

0 pìwkrghv %urexvwhv% = hoohv shuphwwhqw gh wudydloohu vxu ghv vìulhv frxuwhv rx
fkdqjhdqw gh vwuxfwxuh1

Lqfrqyìqlhqwv ghv pìwkrghv gh olvvdjh =

0 pìwkrghv dgdswìhv ã fhuwdlqv w|shv gh vìulhv vhxohphqw/

0 duelwudluh +fkrl{ ghv frqvwdqwhv gh olvvdjh,/

0 rswlpdolwì ghv suìylvlrqv rewhqxhv B



915 Suìglfwlrq gdqv xq prgëoh DULPD

41 Lqwurgxfwlrq

Rq glvsrvh ghv grqqìhv {�> = = = > {W uìdolvdwlrqv ghv yduldeohv doìdwrluhv [�> = = = > [W 1
Fhv revhuydwlrqv vrqw frpsdwleohv dyhf xq prgëoh DULPDEs> g> t� =

xEO�{g[w ' �nXEO�%w

rü

xEO� ' �3 !�O3 = = =3 !sO
s

XEO� ' �3 ��O3 = = =3 �tO
t

dyhf g�Ex� ' s/ g�EX� ' t/ YduE%w� ' �2%/ hw rü ohv k|srwkëvhv vxu ohv sro|q÷phv
gh uhwdug hw E%w� vrqw vdwlvidlwhv1

Ohv sdudpëwuhv gx prgëoh rqw ìwì hvwlpìv hw rq fkhufkh ã suìgluh od ydohxu gh
[Wn�> = = = >[Wnk vdfkdqw xq fhuwdlq hqvhpeoh g*lqirupdwlrq ã od gdwh W 1



51 Suìylvlrqv gdqv xq DUEs�

Vrlw oh surfhvvxv vwrfkdvwltxh +[w, dxwruìjuhvvli g*ruguh s vdwlvidlvdqw o*ìtxdwlrq =

[w ' �n !�[w3� n = = =n !s[w3s n %w/

rü ohv !m/ m ' �> = = = > s/ vrqw ghv qrpeuhv uìhov +dyhf !s �' f, hw E%w�wM] hvw xq
euxlw eodqf idleoh gh yduldqfh �2%1 Ohv udflqhv gx sro|q÷ph =

xEx� ' � 3 !�x 3 = = = 3 !sx
s

vrqw gh prgxoh vwulfwhphqw vxsìulhxu ã 4/ hw E%w�wM] hvw o*lqqrydwlrq gx surfhvvxv1

GHILQLWLRQ =

Od suìylvlrq olqìdluh rswlpdoh gh [Wnk vdfkdqw [W hvw gì�qlh sdu =

W[
W
Wnk ' HOE[Wnk��>[W �=



Hq sduwlfxolhu/

W[
W
Wn� ' �n !�[W n = = =n !s[Wn�3s

W[
W
Wn2 ' �n !�W[

W
Wn� n !2[W n = = =n !s[Wn23s

hw

W[
W
Wnk ' �n

k3�[

m'�

!m W[
W
Wnk3m n

s[

m'k

!m[Wnk3m

Rq rewlhqw dlqvl xqh ìtxdwlrq gh uìfxuuhqfh =

xEO�W[
W
Wnk ' � C xEO�W\

W
Wnk ' f

dyhf W\ W
Wnk 'W [W

Wnk3�@xE��1 W\ W
Wnk hvw od vroxwlrq gh o*ìtxdwlrq gh uìfxuuhqfh

gh sro|q÷ph fdudfwìulvwltxh }sxE}3��1 Rq hq gìgxlw txh W\
W
Wnk hvw gh od iruph =

W\
W
Wnk '

u[

l'�

pl3�[

m'�

�lm�
k
l k

m



rü ohv �@�l vrqw ohv udflqhv glvwlqfwhv gh xE}� hw vrqw gh pxowlsolflwì pl/ hw ohv �lm
vrqw rewhqxv ã sduwlu ghv s frqglwlrqv lqlwldohv +revhuydwlrqv rx suìylvlrqv,1

GHILQLWLRQ =

O*huuhxu gh suìglfwlrq ã o*krul}rq k hvw gì�qlh sdu =

WhWnk ' [Wnk 3W [W
Wnk '

k3�[

m'f

dm%Wnk3m

rü ohv dm vrqw ohv frh!flhqwv gh od uhsuìvhqwdwlrq pr|hqqh preloh lq�qlh gx surfhv0
vxv =

[w ' pn
"[

m'f

dm%w3m=

Od yduldqfh gh o*huuhxu gh suìglfwlrq hvw grqqìh sdu =

YduEWhWnk� ' �2%

k3�[

m'f

d2m =



61 Suìylvlrqv gdqv xq PDEt�

Vrlw oh surfhvvxv vwrfkdvwltxh +[w, pr|hqqh preloh g*ruguh t vdwlvidlvdqw o*ìtxdwlrq =

[w ' �nXEO�%w ' �n %w 3 ��%w3� 3 = = = 3 �t%w3t/

rü ohv �m/ m ' �> = = = > t/ vrqw ghv qrpeuhv uìhov +dyhf �t �' f, hw E%w�wM] hvw xq euxlw
eodqf idleoh gh yduldqfh �2%1 Ohv udflqhv gx sro|q÷ph =

XEx� ' � 3 ��x 3 = = = 3 �tx
t

vrqw gh prgxoh vwulfwhphqw vxsìulhxu ã 4/ doruv E%w�wM] hvw o*lqqrydwlrq gx surfhvvxv1

GHILQLWLRQ =

Od suìylvlrq olqìdluh rswlpdoh gh [Wnk vdfkdqw [W hvw gì�qlh sdu =

W[
W
Wnk ' HOE[Wnk�[W � ' HOE[Wnk�%W �=



Fhwwh suìylvlrq rswlpdoh hvw grqqìh sdu =

W[
W
Wnk ' � vl k A t

W[
W
Wnk ' �3

t[

m'k

�m%Wnk3m vl k $ t=

Fhwwh iruph hvw h{dfwh pdlv q*hvw sdv xwlolvdeoh hq sudwltxh fdu ohv %w3n qh vrqw sdv
revhuyìv srxu n D f1

Srxu gìwhuplqhu gh pdqlëuh sudwltxh ohv suìglfwlrqv olqìdluhv g*xq surfhvvxvPDEt�/
rq shxw xwlolvhu od uhsuìvhqwdwlrq dxwruìjuhvvlyh lq�qlh =

X3�EO�[w ' pn %w

dyhf p ' �@XE��1 Rq rewlhqw =

[W ' p3
"[

n'�

dn[W3n n %W [Wnk ' p3
"[

n'�

dn[Wnk3n n %Wnk



hw rq hq gìgxlw grqf =

W[
W
Wn� ' p3

"[

n'�

dn[Wn�3n

W[
W
Wnk ' p3

k3�[

n'�

dn W[
W
Wnk3n 3

"[

n'k

dn[Wnk3n=

Hq sudwltxh/ rq q*revhuyh sdv ohv [w srxu w ? f1 Rq rewlhqw xqh suìylvlrq dssurfkìh
hq wurqtxdqw =

W
	[W
Wnk ' p3

k3�[

n'�

dn W
	[W
Wnk3n 3

Wnk[

n'k

dn[Wnk3n=

GHILQLWLRQ =

O*huuhxu gh suìglfwlrq ã o*krul}rq k hvw gì�qlh sdu =

WhWnk ' [Wnk 3W [W
Wnk '

4�?Ek>t�[

m'f

�m%Wnk3m=



Od yduldqfh gh o*huuhxu gh suìglfwlrq hvw grqqìh sdu =

YduEWhWnk� ' �2%

4�?Ek>t�[

m'f

�2m =



71 Suìylvlrqv g*xq DUPDEs> t�

Vrlw oh surfhvvxv vwdwlrqqdluh/ E[w� gì�ql sdu =

[w ' �n !�[w3� n = = =n !s[w3s

n%w 3 ��%w3� 3 = = = 3 �t%w3t

xEO�[w ' �nXEO�%w

rü ohv !m/ m ' �> = = = > s/ hw ohv �m/ m ' �> = = = > t/ vrqw ghv qrpeuhv uìhov +dyhf
!s �' f hw �t �' f, hw E%w�wM] hvw xq euxlw eodqf idleoh gh yduldqfh �2%1 x hw X vrqw
ghv sro|q÷phv gh uhwdug grqw wrxwhv ohv udflqhv vrqw gh prgxoh vwulfwhphqw vxsìulhxu
ã xq hw suhplhuv hqwuh hx{ hw E%w�wM] hvw grqf o*lqqrydwlrq gx surfhvvxv1

GHILQLWLRQ =

Od suìylvlrq olqìdluh rswlpdoh gh [Wnk vdfkdqw [W hvw gì�qlh sdu =

W[
W
Wnk ' HOE[Wnk�[W �=



Fhwwh suìylvlrq rswlpdoh hvw grqqìh sdu =

W[
W
Wnk ' �n

k3�[

m'�

!m W[
W
Wnk3m n

s[

m'k

!m[Wnk3m 3 Lk$t
t[

m'k

�m%Wnk3m=

Vl k A t/ rq rewlhqw xqh ìtxdwlrq gh uìfxuuhqfh frpph gdqv oh fdv g*xq surfhvvxv
DUEs�

Vl k $ t/ od suìylvlrq olqìdluh rswlpdoh hvw h{dfwh pdlv q*hvw sdv h{sorlwdeoh1 Gdqv
fhwwh shuvshfwlyh/ rq shxw xwlolvhu o*ìfulwxuh DUE"� hw rewhqlu dlqvl ghv suìylvlrqv
dssurfkìhv hq wurqtxdqw1

GHILQLWLRQ =

O*huuhxu gh suìglfwlrq ã o*krul}rq k hvw gì�qlh sdu =

WhWnk ' [Wnk 3W [W
Wnk '

k3�[

m'f

�m%Wnk3m



rü ohv �m vrqw ohv frh!flhqwv gh od uhsuìvhqwdwlrq pr|hqqh preloh lq�qlh gx surfhv0
vxv =

[w ' pn
"[

m'f

�m%w3m=

Od yduldqfh gh o*huuhxu gh suìglfwlrq hvw grqqìh sdu =

YduEWhWnk� ' �2%

k3�[

m'f

�2m =



81 Suìylvlrqv g*xq DULPDEs> g> t�

Vrlw oh surfhvvxv vwrfkdvwltxh E[w�wD3s3g gì�ql sdu =

E� 3 O�g[w ' �n !�E� 3 O�g[w3� n = = =n !sE� 3 O�g[w3s

n%w 3 ��%w3� 3 = = = 3 �t%w3t/

xEO�E� 3 O�g[w ' �nXEO�%w

rü ohv !m/ m ' �> = = = > s/ hw ohv �m/ m ' �> = = = > t/ vrqw ghv qrpeuhv uìhov +dyhf
!s �' f hw �t �' f, hw E%w�wM] hvw xq euxlw eodqf idleoh gh yduldqfh �2%/ hw ohv
frqglwlrqv lqlwldohv

]3� '
q
[3�> = = = >[3s3g> %3�> = = = > %3t

r

vrqw whoohv txh =

FryE%w> ]3�� ' f �w D f=



Rq vxssrvh txh wrxwhv ohv udflqhv ghv sro|q÷phv x hw X vrqw gh prgxoh vwulfwhphqw
vxsìulhxu ã 4/ hw rq rewlhqw dlqvl od uhsuìvhqwdwlrq fdqrqltxh plqlpdoh1 Rq shxw
wrxmrxuv vxssrvhu txh � ' f hq frqvlgìudqw oh surfhvvxv

[EO�\w ' XEO�%w

dyhf [EO� ' xEO�E� 3 O�g hw \w ' [w 3 p1

GHILQLWLRQ =

Od suìylvlrq olqìdluh rswlpdoh gh \Wnk vdfkdqw \W > ]3� hvw gì�qlh sdu =

W\
W
Wnk ' HOE\Wnk�\W > ]3��=

Rq shxw xwlolvhu o*dssur{lpdwlrq dxwruìjuhvvlyh =

\w ' 3
w[

m'�

dm\w3m nK�Ew�]3� n %w



dyhf KEw� M Usngnt hw *�4w<" ��KEw��� ' f1 Rq rewlhqw =

\Wnk ' 3
Wnk[

m'�

dm\Wnk3m nK�EW n k�]3� n %Wnk

W\
W
Wnk ' 3

Wnk[

m'�

dm W\
W
Wnk3m nK�EW n k�]

dyhf W\
W
Wnk3m ' \Wnk3m vl m $ k1 Xqh dssur{lpdwlrq hvw grqqìh sdu

W
	\ W
Wnk ' 3

Wnk[

m'�

dm W 	\ W
Wnk3m=

Srxu k A t/ rq rewlhqw xqh ìtxdwlrq gh uìfxuuhqfh gh sro|q÷ph fdudfwìulvwltxh
}sng[E}3��1 G*rü

W\
W
Wnk '

u[

l'�

pl3�[

m'�

�lm�
k
l k

m=



� Vrxv

Srxu suìgluh ohv ydohxuv g*xq surfhvvxv DULPDEs> g> t�/ rq xwlolvh od irqfwlrq

suhglfw+remhfw/ qhzgdwd/ vh1ilw @ IDOVH/ vfdoh @ QXOO/ gi @ Lqi/

lqwhuydo @ f+%qrqh%/ %frqilghqfh%/ %suhglfwlrq%,/

ohyho @ 31<8/ w|sh @ f+%uhvsrqvh%/ %whupv%,/

whupv @ QXOO/ qd1dfwlrq @ qd1sdvv/

suhg1ydu @ uhv1ydu2zhljkwv/ zhljkwv @ 4/ 111,



GRQQHHV UHHOOHV =

E Frqfhqwudwlrqv hq FR2

Rq d uhwluì ohv 45 ghuqlëuhv grqqìhv hw rq d hvwlpì oh prgëoh1 Rq frpsduh hqvxlwh ohv
ydohxuv revhuyìhv ghv 45 ghuqlhuv prlv dx{ ydohxuv grqqìhv sdu ohv gl�ìuhqwv prgëohv1

Rq frqvlgëuh ohv suìylvlrqv rewhqxhv sdu =

� od pìwkrgh gh Krow0Zlqwhuv vdlvrqqlëuh/

� od pìwkrgh edvìh vxu xq prgëoh VDULPDEf> �> ��Ef> �> �� hvwlpì vxu od vìulh =
grqqìhv lqlwldohv 0 whqgdqfh lvvxh gh od pìwkrgh gh Ex|v0Edoorw1



E Suìylvlrq sdu od pìwkrgh gh Krow0Zlqwhuv vdlvrqqlëuh
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E Suìylvlrq sdu od pìwkrgh VDULPD
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: Irqfwlrqv U srxu o*dqdo|vh ghv vìulhv whpsruhoohv

+h{wudlw gh kwws =22fudq1u0surmhfw1ruj2grf2frqwule2Ulffl0uhifdug0wv1sgi,

Khuh duh vrph khosixo U ixqfwlrqv iru wlph vhulhv dqdo|vlv1 Wkh| ehorqj iurp vwdwv/
wvhulhv/ dvw dqg opwhvw sdfndjhv dqg jurxshg e| wkhlu jrdo1

LQSXW

0 f|foh+, = jlyhv wkh srvlwlrqv lq wkh f|foh ri hdfk revhuydwlrq +vwdwv,

0 ghowdw+, = uhwxuqv wkh wlph lqwhuydo ehwzhhq revhuydwlrqv +vwdwv,

0 hqg+, = h{wudfwv dqg hqfrghv wkh wlphv wkh odvw revhuydwlrq zhuh wdnhq +vwdwv,

0 iuhtxhqf|+, = uhwxuqv wkh qxpehu ri vdpsohv shu xqlw wlph +vwdwv,

0 uhdg1wv+, = uhdgv d wlph vhulhv �oh +wvhulhv,

0 vwduw+, = h{wudfwv dqg hqfrghv wkh wlphv wkh �uvw revhuydwlrq zhuh wdnhq +vwdwv,

0 wlph+, = fuhdwhv wkh yhfwru ri wlphv dw zklfk d wlph vhulhv zdv vdpsohg +vwdwv,

0 wv+, = fuhdwhv wlph0vhulhv remhfwv +vwdwv,



0 zlqgrz+, = lv d jhqhulf ixqfwlrq zklfk h{wudfwv wkh vxevhw ri wkh remhfw *{* revhuyhg
ehwzhhq wkh wlphv *vwduw* dqg *hqg*1 Li d iuhtxhqf| lv vshfl�hg/ wkh vhulhv lv wkhq
uh0vdpsohg dw wkh qhz iuhtxhqf| +vwdwv,

WV GHFRPSRVLWLRQ
0 ghfrpsrvh+, = ghfrpsrvhv d wlph vhulhv lqwr vhdvrqdo/ wuhqg dqg luuhjxodu frp0
srqhqwv xvlqj prylqj dyhudjhv1 Ghdov zlwk dgglwlyh ru pxowlsolfdwlyh vhdvrqdo frp0
srqhqw +vwdwv,
0 �owhu+, = olqhdu �owhulqj rq d wlph vhulhv +vwdwv,
0 KrowZlqwhuv+, = frpsxwhv Krow0Zlqwhuv Ilowhulqj ri d jlyhq wlph vhulhv +vwdwv,
0 v�owhu+, = uhpryhv vhdvrqdo  xfwxdwlrq xvlqj d vlpsoh prylqj dyhudjh +dvw,
0 vshfwuxp+, = hvwlpdwhv wkh vshfwudo ghqvlw| ri d wlph vhulhv +vwdwv,
0 vwo+, = ghfrpsrvhv d wlph vhulhv lqwr vhdvrqdo/ wuhqg dqg luuhjxodu frpsrqhqwv xvlqj
*orhvv* +vwdwv,
0 wvu+, = ghfrpsrvhv d wlph vhulhv lqwr wuhqg/ vhdvrqdo dqg luuhjxodu1 Ghdov zlwk
dgglwlyh dqg pxowlsolfdwlyh frpsrqhqwv +dvw,



WHVWV

0 dgi1whvw+, = frpsxwhv wkh Dxjphqwhg Glfnh|0Ixoohu whvw iru wkh qxoo wkdw *{* kdv d
xqlw urrw +wvhulhv,

0 Er{1whvw+, = frpsxwhv wkh Er{0Slhufh ru Omxqj0Er{ whvw vwdwlvwlf iru h{dplqlqj wkh
qxoo k|srwkhvlv ri lqghshqghqfh lq d jlyhq wlph vhulhv +vwdwv,

0 egv1whvw+, = frpsxwhv dqg sulqwv wkh EGV whvw vwdwlvwlf iru wkh qxoo wkdw *{* lv d
vhulhv ri l1l1g1 udqgrp yduldeohv +wvhulhv,

0 eswhvw+, = shuirupv wkh Euhxvfk0Sdjdq whvw iru khwhurvnhgdvwlflw| ri uhvlgxdov +op0
whvw,

0 gzwhvw+, = shuirupv wkh Gxuelq0Zdwvrq whvw iru dxwrfruuhodwlrq ri uhvlgxdov +opwhvw,

0 mdutxh1ehud1whvw+, = Mdutxh0Ehud whvw iru qrupdolw| +wvhulhv,

0 nsvv1whvw+, = frpsxwhv NSVV whvw iru vwdwlrqdulw| +wvhulhv,

0 vkdslur1whvw+, = Vkdslur0Zlon Qrupdolw| Whvw +vwdwv,



VWRFKDVWLF PRGHOV
0 du+, = �wv dq dxwruhjuhvvlyh wlph vhulhv prgho wr wkh gdwd/ e| ghidxow vhohfwlqj wkh
frpsoh{lw| e| DLF +vwdwv,
0 dulpd+, = �wv dq DULPD prgho wr d xqlyduldwh wlph vhulhv +vwdwv,
0 dulpd1vlp+, = vlpxodwh iurp dq DULPD prgho +vwdwv,
0 dupd+, = �wv dq DUPD prgho wr d xqlyduldwh wlph vhulhv e| frqglwlrqdo ohdvw vtxduhv
+wvhulhv,
0 jdufk+, = �wv d Jhqhudol}hg Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvfhgdvwlf JDUFK+s/
t, wlph vhulhv prgho wr wkh gdwd e| frpsxwlqj wkh pd{lpxp0olnholkrrg hvwlpdwhv ri
wkh frqglwlrqdoo| qrupdo prgho +wvhulhv,

JUDSKLFV
0 odj1sorw = sorwv wlph vhulhv djdlqvw odjjhg yhuvlrqv ri wkhpvhoyhv1 Khosv ylvxdol}lqj
%dxwr0ghshqghqfh% hyhq zkhq dxwr0fruuhodwlrqv ydqlvk +vwdwv,
0 prqwksorw+, = sorwv d vhdvrqdo +ru rwkhu, vxevhulhv ri d wlph vhulhv +vwdwv,
0 sorw1wv+, = sorwwlqj wlph0vhulhv remhfwv +vwdwv,



0 vhdsorw+, = sorwwlqj vhdvrqdo vxe0vhulhv ru sur�oh +dvw,

0 vhtsorw1wv+, = sorwv d wzr wlph vhulhv rq wkh vdph sorw iudph +wvhulhv,

0 wvgldj+, = d jhqhulf ixqfwlrq wr sorw wlph0vhulhv gldjqrvwlfv +vwdwv,

0 wv1sorw+, = sorwv vhyhudo wlph vhulhv rq d frpprq sorw1 Xqolnh *sorw1wv* wkh vhulhv fdq
kdyh d gl�huhqw wlph edvhv/ exw wkh| vkrxog kdyh wkh vdph iuhtxhqf| +vwdwv,

PLVFHOODQHRXV

0 dfi+,/ sdfi+,/ ffi+, = wkh ixqfwlrq *dfi* frpsxwhv +dqg e| ghidxow sorwv, hvwlpdwhv
ri wkh dxwrfryduldqfh ru dxwrfruuhodwlrq ixqfwlrq1 Ixqfwlrq *sdfi* lv wkh ixqfwlrq
xvhg iru wkh sduwldo dxwrfruuhodwlrqv1 Ixqfwlrq *ffi* frpsxwhv wkh furvv0fruuhodwlrq
ru furvv0fryduldqfh ri wzr xqlyduldwh vhulhv +vwdwv,

0 gl�1wv+, = uhwxuqv vxlwdeo| odjjhg dqg lwhudwhg gl�huhqfhv +vwdwv,

0 odj+, = frpsxwhv d odjjhg yhuvlrq ri d wlph vhulhv/ vkliwlqj wkh wlph edvh edfn e| d
jlyhq qxpehu ri revhuydwlrqv +vwdwv,



Wdeoh ghv pdwlëuhv

4 Lqwurgxfwlrq dx{ vìulhv whpsruhoohv = gì�qlwlrqv hw h{hpsohv 7

414 Gì�qlwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7

415 Sureoëphv vwdwlvwltxhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46

416 Prgìolvdwlrq hw prgëoh fodvvltxh gh gìfrpsrvlwlrq 1 1 1 1 1 1 1 1 1 47

417 Surfhvvxv vwdwlrqqdluhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:



5 Wuhqg hw vdlvrqqdolwìv 65

514 Pìwkrghv sdu uìjuhvvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66

515 Pìwkrghv sdu pr|hqqh prelohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74

516 H{hpsohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 94

6 Surfhvvxv olqìdluhv 9<

614 O*hvsdfh n2El>�>S� = gì�qlwlrq hw sursulìwìv 1 1 1 1 1 1 1 1 1 1 1 1 9<

615 Uìjuhvvlrq olqìdluh rx d!qh wkìrultxh vxu xq qrpeuh �ql gh uhwdugv 1 :8

616 Uìjuhvvlrq olqìdluh wkìrultxh vxu xq qrpeuh lq�ql gh uhwdugv 1 1 1 1 1 ;4



617 Ghqvlwì vshfwudoh hw dxwrfruuìodwlrqv lqyhuvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 ;8

618 Hvwlpdwlrq gh od pr|hqqh hw ghv dxwrfryduldqfhv srxu ghv surfhvvxv
olqìdluhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <4

7 Surfhvvxv DUPD hw DULPD 449

714 Sro|q÷phv uhwdug hw dydqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 449

715 Surfhvvxv PDEt� 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 459

716 Surfhvvxv DUEs� 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 465

717 Surfhvvxv DUPDEs> t� 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46<

718 Surfhvvxv DULPDEs> g> t� 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 478

719 Surfhvvxv VDULPDvdEs> g> t�> ES>G>T�o 1 1 1 1 1 1 1 1 1 1 1 1 1 47;



8 Hvwlpdwlrq ghv prgëohv DUPD hw DULPD 483

814 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 483

815 Skdvh g*lghqwl�fdwlrq d sulrul 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 487

816 Skdvh g*hvwlpdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:3

817 Skdvh gh yìul�fdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;4

818 Fkrl{ g*xq prgëoh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;9

819 H{hpsohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<:



9 Suìylvlrqv 54<

914 Oh olvvdjh h{srqhqwlho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54<

915 Suìglfwlrq gdqv xq prgëoh DULPD 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 566

: Irqfwlrqv U srxu o*dqdo|vh ghv vìulhv whpsruhoohv 586


