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Foreword

@ So far, the courses were devoted to variance and how to reduce it 7

@ Today is devoted to the bias and how to kill it 7

@ Can we do both 7
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Univariate discretization schemes for diffusions

o Univariate discretization schemes for diffusions
@ Euler-Maruyama scheme(s)
@ Milstein scheme
@ Example: CIR

e Multivariate schemes and challenges

9 Weak error
@ Feynman-Kac formula

@ The Brownian bridge method
@ Application to Lookback style path-dependent options

e Back to sensitivity computation/Greeks computation
@ Decreasing step shock method

@ Non-smooth payoffs
@ The log-likelihood method
@ Toward differentiation on the Wiener space
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Univariate discretization schemes for diffusions

Brownian diffusion

@ Stochastic Differential Equation (SDE)
(SDE) = dXt = b(t, Xt)dt + U(t, Xt)th,

where
@ b:[0,T] xR =R o:[0,T] x RY = M(d, g,R) are continuous,

© W = (W;)icpo, 7] denotes a g-dimensional standard Brownian motion
defined on a probability space (2, A4, P).,

o Xo:(Q, A P)— RYis a random vector, independent of W,

@ b and o are Lipschitz continuous in x uniformly in t€ [0, T|, i.e.
\V/X, _)/E Rda ‘b(t,X) o b(ta)/)’ + HO’(t,X) o O-(tay)H < K‘X _)/‘

Remark. | .| canonical Euclidean norm on R and || .|| denote the
canonical Frébenius norm on M(d, q,R) i.e. ||A|| = /Tr(AA*).
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Univariate discretization schemes for diffusions

Filtration

@ If Xo = xp is deterministic, we consider
FY =o(Np, Ws, 0<s< t), t€[0, T]

where Np denotes the class of P-negligible sets of A (i.e. all negligible
sets if the o-algebra A is supposed to be P-complete).

@ Owing to Kolmogorov's 0-1 law, (FV) is right continuous, i.e.
FV = Nss e FV for every te [0, T) (satisfies “usual conditions").

@ In the general case, we consider the augmented filtration

Fi = O(Xo, Np, Ws, 0 < s < t), te [0, T],

which also satisfies “usual conditions".
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Univariate discretization schemes for diffusions

Theorem (Strong solution of SDE)

Under the above assumptions on b, o, Xo and W, the above SDE has a
unique (F¢)-adapted solution X = (Xt)¢c|o, 7] defined on the probability
space (2, A, P), starting from Xy at time Q, in the following sense:

t t
P-a.s. Vte|0,T], Xi=Xo+ / b(s, Xs)ds +/ o(s, Xs)dWs.
0 0

This solution has P-a.s. continuous paths (in fact a-Hélder paths,
ae (0,3)).

2024-2025  5/150



Univariate discretization schemes for diffusions

Back to the assumptions

Lipschitz continuity can be relaxed into

@ Local Lipschitz continuity: For every N € N*, 3K, € (0, +00),

Vte[0,T], Vx, ye R |x|, |y| < N =

’b(t,x) — b(t,y)| + Ha(t,x) — a(t,y)H < K, |x —yl
@ Linear growth:
Vte [0, T], Vxe R, |b(t,x)| + |o(t,x)|| < C(1+ |x]).

But this is not the right framework for discretization schemes. ..
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Univariate discretization schemes for diffusions

Discrete time Euler scheme

Like for ODESs in the deterministic framework, we freeze the
coefficients of the SDE between regularly spaced discretization
instants t, =t = KL k=0:n.

n 1

The Euler is defined by induction: for k =0:n— 1,
_ _ T _ — _
Xt/'<7+1 = thlz + ;b(t,’z,XtZ) + O-(tl?aXtZ)(Wt[('H — thfz), Xo = Xp.

Practitioner’'s viewpoint: for k =0:n— 1,

— T — — | T —
:thfg+;b(tZ,XtZ)‘|—O—(t£,XtZ) ;Zk+1, XO :XO.

where (Zx)1<k<n is i.i.d. N(0; I,)-distributed. . .
The sequence (Zx)1<k<n is given by

)_<t”

k+1
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Univariate discretization schemes for diffusions

Stepwise constant Euler scheme

@ To alleviate notations, we denote from now on

kT
=t = — if te [tg, tiq1)

@ The stepwise constant Euler scheme, denoted ()?t)tE[O,T] for
convenience, is defined by

)?t — )_<£, tE [O, T]
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Univariate discretization schemes for diffusions

Genuine (or continuous) Euler scheme

@ How to extend the Euler scheme into a continuous process over [0, T]?
@ ldea: interpolating the drift and the diffusion term in their own scale
® Namely, set for every k€ {0,...,n— 1} and everyt € [t], t] ),

Xe = Xe + (t = 1)b(t, Xe) + o (t, Xe)(We = We),  Xo = Xo.

@ It is clear that lim Xy = )_(%1 since W has continuous paths.

n n
=t 1o t<t iy

@ Thus ()_Q)te[o,T] is an F;-adapted process with continuous paths.

Genuine Euler scheme as an I1té Process

If b and o are continuous functions on [0, T] x RY. Then,

t t
)_<t:X0+/ b(§,>‘<§)ds+/ o(s, Xs)dWs, te [0, T].
0 0

A
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Univariate discretization schemes for diffusions

@ The naive simulation of the paths of the genuine Euler scheme is not
possible.

@ It is mainly a theoretical tool.

@ However, some functionals of the genuine Euler may sometimes be
simulable like

()_(t;(v,k =0:n, sup )_<t) or ()_(t;(v,k =0:n, Inf )?t)
te[0,T] tel0,T]

using the diffusion bridge method.

@ But in general to simulate a functional, one has to switch to

F((XD)eepo.r1) -

provided F : ID([0, T],RY) — R can be computed on cadlag functions.
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Univariate discretization schemes for diffusions

Moment control

Theorem (Polynomial moments)

Assume that the coefficients b and o of the SDE are Borel functions simply
satisfying the linear growth assumption:

vie [0, T], ¥xe RY, |b(t,x)| + [lo(t,x)]| < C(1 + [x])

for some real constant C = C. > 0 and a “horizon" T > 0.

For every pe (0,+00), there exists k, > 0 s.t. every strong solution
(Xt)eepo, 77 of the SDE (if any) satisfies

sup_ X[ <271+ X0,
te[0,T] P
and Yn>1, ‘ max | X2l < || s X < 2eCT(1 [VATRY
O<ké”‘ i p tE[lEI),pT]‘ t‘ p ( —I_H OHP)

v
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Univariate discretization schemes for diffusions

Convergence (genuine Euler)

@ We make/need the more stringent assumption

( 3Cpo17 >0 such that Vs, t € [0, T], Vx,y€ RY .

(H) =1 (i) 1b(t, x) = b(t, y)|+lo(t, x) = o(t. ¥)]| < Co 7]y — X,

(i) |b(t, x) — b(s, x)|+]||o(t,x) — (s, x)| < Cb,U,T(l + |X|)|t — 5|5.
When b(t, x) = b(x) and o(t,x) = o(x) (H?) = (H}).
@ Then,

Theorem (Strong convergence rate for the genuine Euler scheme)

(a) Assume b and o satisfy (Hf) for some B € (0,1]. Then, there exists a
universal function K = K(p, b,o, T) such that, for every n > T,

_ T\ A3
sup | Xz — X/ ) < K(p,b,o, T)(1+ || Xollp) (;) .

te[0,T]

y
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Univariate discretization schemes for diffusions

Strong Rate for the discrete time Euler scheme

Theorem

(b) In particular the former error bound is satisfied when the supremum is
restricted to discretization instants t;, namely

_ T\""2
HXT — X < K(p, b,a, T)(1+]Xoll) (—)

n

< L _n
< max |X;, —X;|

p ’ p

with the same constant K(p, b, o, T) (independent of n).

o Satisfactory for marginal (or vanilla) simulation of type f(X?)
corresponding to t) = T.

@ Not satisfactory for path-dependent functionals.

@ What happens with the stepwise constant Euler scheme?
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Univariate discretization schemes for diffusions

Stepwise constant Euler scheme |

First we compare both stepwise constant and genuine Euler schemes.

Theorem (Stepwise versus genuine Euler scheme)

(a) If b and o satisfy the linear growth assumption with a real constant
Ly, 1 > 0, then, for every pe (0,4+00) and every n > T,

- - . T
sup | X[ — X[ ||| < /%pe“PLb’U’TT(l + |1 Xollp)\/ —+/(1 + log n).
t€[0,T] —~— n

X7
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Univariate discretization schemes for diffusions

Theorem (Stepwise versus diffusion)

(b) In particular if b and o satisfy Assumptions (Hf ), forevery n > T,

~

- T(1+logn) [T\
owp_ X K¢l < Koo, YL+ ol T8 (T
te[0, T p n n
1\’  [1+1
n n
where

K(p, b,o, T) = RL(1 + Cp, 1)?e™ (T Coor) T,

&, > 0 is a positive universal real constant only depending on p (increasing
in p) and Cj, . + only depends on Cp, ;1 and ||b(.,0)|sup, [|o(-,0)||sup-

v
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Univariate discretization schemes for diffusions

Stepwise constant Euler scheme |l: Optimality ?

@ Imagine the simplest case : d =g=1and b=0and o =1 i.e.

X=W
@ Then ) N
W — W = Wy — W;, te [0, T]
and
sup | Wy — W = max  sup |[Wp— W |
te[0,T] P k=L..onelen ) 5
T
= — || max  sup |By — Bx_1]
n |(|k=1,...,n te[k—1,k) 5

where B; := /2 W7 is a standard B.M. (scaling property). Hence
TV Ly

n

-

n

sup ‘Wt — Wﬁ‘
te[0,T]

Max
k=1,....,n Ck

p
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Univariate discretization schemes for diffusions

@ ...where () := SUP te[k—1,k) |B: — Bk_1| are i.i.d.

@ Now .
Ck = Zy := |Bx — Bk—1| = | B1|.

@ Now, for every p > 2,

H max |Zk|H \/H max Z2H
k=1,...,n

e

ml{u>o} du.

@ An integration by parts yields the survival distribution function

NS

The (Z2) are i.i.d. with Z7 B X (1) =

_u
e 2

\V2Tu

du, z> 0

+00
F ooy (2) = POE(L) > 2) = /

satisfies

. e 3 too o2 Qe 32
F2)(2) = N /Z du ~ as zZ — +00.
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Univariate discretization schemes for diffusions

@ so that, there exists a > 0,
Vz>a>0, F,emq(z)= P(x?(1) > z) > ¢ f2(1)(2)-

@ For any such distribution, if F = F,2(;) denotes the cumulative
distribution function of Z2,

+00
H max(Z7,...,Z?) :/ P( max Z; > u)du
0

1<k<n

1

1<k<n

— /O+OO (1— F"(u))du
> /a+00 (1— F"(u))du
n +00
:Z/ F* 1 (u)(1 — F(u))du
k=11

n +00
= F<Y(u)F(u)du.
>,
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Univariate discretization schemes for diffusions

@ Hence, using that F(u) = sz(l)(u) > ¢ f,2(1)(u) yields

H max(Zz,...,2Z2%)

n +00
> Z/ A1 (u) a1y () ds
k=1v4?

k 1k—Fk(a)
=c) —
k=1

> C(Iog(n +1) +log (1 — F(a))).

@ Conclusion. Finally, at least for every p > 2,

.
> Cp\/ (1 + log n).
p

sup ’V_th - th‘ ;

te[0,T]

The rate of convergence of the stepwise constant Euler scheme X"
toward X in LP cannot be (universally) improved.
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Univariate discretization schemes for diffusions

Upper-bound

Lemma
Let Y1,...Y, be non-negative random variables with the same distribution
satisfying E (e’"1) < +oo for some A > 0. Then,

Vre (0,+00), Hmax(Yl,...Yn)H %(Iogn—i- Crvy, )

@ Let us come back to the i.i.d. sequence (x = suppx_1 k) |Bt — Bk-1]| -

@ We know that B d —B so that
T < MBI L AM(=B)T)

d

*

Where Bt — Sup BSZ‘Bt‘ (true but not trivial, cf. Revuz-Yor's book or Shi's Course).
0<s<t

@ Now, for every A€ [0,1/2),
1,2 dz 1

*\2 2
EABI? _ g MBI _ / 222 _
V2mr /1 =2\
2024-2025 20,150
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Univariate discretization schemes for diffusions

@ Then, for every A€ [0,1/2),
]Ee”\cf < 2K e>‘(Bik)2 < 4o0.

@ We come back that to

T
sup |W; — Wﬂ =4/~ ||, max Ck
tc[0, T] =
max C’k
p
2
@ One concludes using the lemma with r = §.
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Univariate discretization schemes for diffusions

Proof of the lemma for r =1 (i.e. p=2)
@ One has, for any A > 0,

max(Y1,...,Ys) = X max(AY1,...,AY,)
1
—— max(AY1,...,AYn)
y loge
so that (owing to Jensen's Inequality in the 27 line)
1
E max(Y1,..., Ya) < TE log (em>V--AY0))
1
< 2 E max(AY1,...,AYn)
Y log (Ee )
1
< X log (E M4 -]EeAY”)
1
= log (nE e*™)

 logn+ log(Ee )

A

Gilles Pages (LPSM-SU) Simuler avec biais 2024-2025

22 /150



Univariate discretization schemes for diffusions

Proof of the moment control theorem
(preliminaries 1)
@ Here we provide a simpler proof when d = g =1 and p =2 and
b(t,x) = b(x) and o(t,x)=c(x).
@ General case: see Numerical Probability book or notebook.

Lemma (Gronwall’'s Lemma)

Let f : Ry — Ry be a Borel non-negative locally bounded function and let
Y Ry — Ry be a non-decreasing function satisfying

t
(G) = VYt>0, f(t)< a/ £(s) ds + (t)
0
for a real constant a« > 0. Then

Vit>0, sup f(s) < e*(t).

0<s<t
4
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Univariate discretization schemes for diffusions

Preliminaries |lI: Doob’s inequality

@ Now we recall the quadratic Doob Inequality which is needed in the
proof (instead of the more sophisticated Burkholder—Davis—Gundy
required in the non-quadratic case).

Theorem (Doob’s Inequality (L? case))

(a) Let M = (M;)s>0 be a continuous martingale with My = 0. Then, for
every T >0,

E| sup M | <4EM2 =4E(M),.
te[0,T]

(b) If M is simply a continuous local martingale with My = 0, then, for
every T >0,

E| sup M?| <4E(M)..
te[0,T]
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Univariate discretization schemes for diffusions

Moment control (Bis!)

Theorem (Polynomial moments)

Assume that the coefficients b and o of the SDE are Borel functions simply
satisfying the linear growth assumption:

vie [0, T], ¥xe RY, |b(t,x)| + [lo(t,x)]| < C(1 + [x])

for some real constant C = C. > 0 and a “horizon” T > Q.

For every pe (0,+00), there exists k, > 0 s.t. every strong solution
(Xt)eepo, 77 of the SDE (if any) satisfies

sup_ X[ <271+ X0,
te[0,T] P
and Yn>1, ‘ max | X2l < || s X < 2eCT(1 [VATRY
O<ké”‘ i p tE[lEI),pT]‘ t‘ p ( —I_H OHP)

v
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Univariate discretization schemes for diffusions

The proof (for the diffusion)

@ We may assume w.l.g. E X3 < +oo (otherwise . .. it is trivial).
o Let 7, :=min{t : [X; — Xo| = L}, Le N\ {0} (with min@ = +00).
@ 7, is an (F¢)¢-stopping time (as the hitting time of a closed set by an
(Ft)-adapted process with continuous paths.
@ For every te [0, T],
XM < L+ |Xol.

In particular, this implies that

(%) IE[ sup \x[ﬂ <2([2+EX?) < +o0.
te[0,T]

tAT

tAT,
Then, X" = Xg +/ L b(XS)ds+/ " o (Xs)dW,s
0

0
t/\7;_ - t/\TL -
X+ / b(X1)ds + / (X dW,s
0 0

owing to the local feature of both regular and stochastic integrals.
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Univariate discretization schemes for diffusions

The proof Il

@ The stochastic integral

(L) t/\TL -
M.~ = / o(Xst)dWs
0
is a continuous local martingale null at zero with bracket process
tAT -
(MDY, / 2(XT)ds.
0

@ Now, using that t A 7, < t, we derive that

t
X < yon/ b(Xt)|ds + sup |MEP)],
0 s€[0,t]

which in turn immediately implies that

t
sup X7 <|xo|+/ b(XT)|ds + sup |M).
s€[0,t] 0

s€[0,¢]
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Univariate discretization schemes for diffusions

@ The elementary inequality (a+ b+ c)? < 3(a® + b*> +c?), a, b, c > 0,
combined with the Schwarz Inequality successively yields

t 2
sup (X:)* <3 X3+(/ ‘b(XZL)\dS) + sup [MOP
s€[0,t] 0 s€[0,t]

< 3| X5+ t/t Ib(X)[2ds + sup |[MDP2
0 s€[0,t]
@ As Lipschitz continuous functions, b and o have linear growth
1b(x)| + |o(x)] < Cho(14|x]), xeR.
@ Taking expectation and applying Doob's Inequality to loc. mart. M(H)

t tAT
E[ sup (XJL)Z] <3 (EX02 + ch,(,/ (1 +E\X}\)2ds+4]ﬁz/ ' 02(XZL)ds>
0 0

s€[0,t]

t t
< Coo,7 (EX02 +/ (1 +E]XZLy)ds+E/ (1+ |XSTL\)2ds>
0 0

t
= Cho,T (Exoz +/ (1+E X! \2)ds> .
0

where we used again (in the first two inequalities) that 77 At < t.
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Univariate discretization schemes for diffusions

@ Finally, this can be rewritten as

t
E[ sup (X_ZL)ﬂ < CooT (1+EX§+/ E(]X_ZLF)ds)
s€|0,t] 0

@ Then, Gronwall's Lemma applied to the bounded function (by (%)!)
f,(t):=E (Supse[(),t](XSTL)Q) at time t = T implies

VLZ1, E| sup (X1 < e Cpr (14+EXG).

SE[O,T] "~
free of L !
@ Now 7, T 400 a.s. as L T +oo since sup |Xs| < 4oo for every t >0
0<s<t

a.s. owing to the continuity of the paths of X. Consequently,

lim  sup |Xt| = sup |Xil.
L—=+00 s¢l0,T] s€[0,T]

@ Fatou's Lemma implies

IE[ sup X_E] < IimianE[ sup (X_ZL)ﬂ < Copr(1+EXZ)eCorTT
s€[0,T] L=+oo  Lgsepo, 1]

= Cpo1(1 +EX3).
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Univariate discretization schemes for diffusions

Proof lll: Euler scheme

@ As for the genuine Euler scheme (an It process), the proof follows
closely the above lines, once we replace the stopping time 7, by

T =min{t : [X; — Xo| > L}.
o It suffices to note that, for every s€ [0, T], sup [X.| < sup |Xul|.
uel0,s] uel0,s]
Then one shows that

supE{ sup ()_<S”)2} < Cb7077(1+IEX§)er’U’TT.
n=1 s€[0,T]

@ Details left as an EXERCISE.
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Univariate discretization schemes for diffusions

[*>-Convergence rate: genuine Euler scheme

Theorem (Strong convergence rate for the genuine Euler scheme)

(a) Assume b and o satisfy (Hf) for some B € (0,1]. Then, there exists a
universal function K such that, for every n > T,

1

— 2
sup |Xt — Xt”|
te[0,T]

A
< K(pbo. D)1+ [Xoll) (1)
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Univariate discretization schemes for diffusions

Proof |

o Still with d =g =1, b(t,x) = b(x), o(t,x) =o(x) and p = 2.

@ Combining the equations satisfied by X and its (continuous) Euler
scheme yields

X;— X — /O (b(Xs) — b(Xe))ds + /O (0(Xs) — o(Xs)) dWs.

@ Consequently, b and o being Lipschitz, Schwartz's and Doob's
Inequalities yield

E[ sup | X, — X| /[bjmp\xs —)st]2+2E[ sup (/Os(a(xu) —J(Xg))qu>2}

s€[0,1] s€[0,1]

< 2 [l E _/Ot | Xs — )_<§|dsr + SIE/Ot (0(Xs) — (X)) du

t t
< 2t[b]iip/ E|Xs — Xs|*ds + 8[o];, / E X, — X,|>du.
0 0
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Univariate discretization schemes for diffusions

Proof Il

@ Then

t
]E[ sup |xs—>‘<s\2} < cb,a,T/ E|X: — X.|?ds
0

s€(0,t]

t t
< cb,a,T/ E|Xs — Xs|*ds + Cb,a,T/ E[Xs — Xs|*ds
0

0

t t
< Cb,g,T/ E[ sup | X, —)_Q,\z} ds + Cb,g,T/ E [ Xs — Xs|*ds.
0 0

u€e[0,s]

@ Let f(t) =E [SupsE[O,t] [ Xs — Xs|?], locally bounded by moment control
Theorem.

@ Gronwall's Lemma 8 at t = T implies

_
E[ sup X~ %] < er,a,Tch,(,,T/ EIX.— X2 ds.
s€[0,T] 0 N —

~~

L2 (P)-pathwise regularity of s — X
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Univariate discretization schemes for diffusions

Proof Il

@ Now
Xs — Xg = b()_<§)(5 —s)+ U()_(i)(Ws — W)

so that, using that W; — W, and X, are independent,

T

— 2 — —
E (X — X|? < Cos ((;) E b2(Xs) + Eo?(Xs) E (W; — W§)2)

by moment control Theorem (for the Euler scheme).

@ Finally
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Univariate discretization schemes for diffusions

[’>-Convergence rate: stepwise constant Euler
scheme

Theorem (Stepwise versus genuine Euler scheme)

(a) If b and o satisfy the linear growth assumption with a real constant Ly, ,,7 > 0, then,
for every p€ (0,+00) and every n > T,

sup | X7 — X[ ||| < Epe™orTT (14 ||Xo]l5) 1/ %\/1 + log n.
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Univariate discretization schemes for diffusions

Proof

@ Assume (for pure convenience) that Xp & L*. One derives the linear
growth assumption satisfied by b and o (as Lipschitz functions) that

- - - T
sup ’Xt—X£‘<Cb7O-(1—|— sup ‘Xt‘)<——|— sup |Wt—W£’)

te[0,T] te[0,T] N telo,T]
@ so that
— — — T
sup | X — Xt||| < Cpo (1 + sup \Xt\) < + sup |W; — Wt|> :
te[0,T] 2 te[0,T] N tefo, 7] ]

@ Note that if U and V are two r.v., Schwarz's Inequality implies

UV, = VIU2V2|, < VIULIV2], = [UILITVIL.

@ Combined with L*-Minkowski inequality in both terms yields

sup \)_Q —)_<£|

— T
< Goo (14 sup [Xelll,) (= -+ sup [We—WAlL).
tc[0,T] 2 n

te[0,T] te[0,T]
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Univariate discretization schemes for diffusions

@ Now, as already mentioned in the above “universal’ bound,

T
< CW\/—\/l—Hogn
4 n

@ which completes the proof. .. if we admit that the L* moment control

sup ‘Wt — WE‘
te[0,T]

sup ‘)_(t’

< Coo7(1+ | Xoll,)-
te[0,T]

4

@ (Almost) Finally

sup |)_<t — )_<£|
te[0,T]

< Coa (14 1%olll) (4 J "1+ logn)).

@ To switch from || Xp||s to || Xo||2, one may first assume that Xj is
deterministic and then take the expectation of the square of this
inequality with respect to the distribution Px, of Xy (Exercise!). ]
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e Combining the L?-convergence rates of the genuine Euler scheme

toward the diffusion in sup-norm and of
suPseqo, 71 I1X¢ — X¢'| = supeepo, 17 I X¢' — X{| yields the announce result

by the triangle inequality.

Theorem (Stepwise constant Euler scheme versus diffusion (p = 2))

(b) In particular if b and o satisfy Assumptions (H?), for every n > T,

\/T(l + log n) +<T)5A3]
_0o ((1)5#1%@)

where K (p, b,o, T) is a universal function that can be determined.

<K(p, b,a, T)(1 + || Xoll»)

p

sup | Xe — X/|

te[0,T]

@ For the general case LP-case, See the Numerical Probability book and/or a late
edition of the note book .
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A.s. convergence of the Euler scheme

Theorem

(a) If b and o satisfy (Hf)_ fora B€ (0,1] and if Xo is a.s. finite, the
continuous Euler scheme X" = (X{")¢c[o, 7] a.5. converges toward the
diffusion X for the sup-norm over [0, T].

Furthermore,

Vace [O,B/\%), n® sup |X;— X 23 0.
te[0,T]

(b) The same holds true for the stepwise constant Euler scheme.

2024-2025
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Proof (Genuine Euler scheme)

@ No a priori integrability assumption on Xy. But for simplicity we
assume Xp € NpsoLP(P).
@ We know from LP-convergence Theorem that, for every p > 1,

_ b T P(B/\%) D
Vn2>1, E( sup | X! — Xl ) < CoboB.T <—> (1+ [ Xollp)"-
t€[0,T] n

1

1 1
@ Let ac (0,8 3) and let p > il a so that 2 L) < 400.

@ Hence by Beppo Levi's monotone convergence Theorem for series

— 1
E(Zn’”‘ sup | X" — Xt\p) < Copopr » 0 PPN < oo,
n>1 te[0,T] n>1

so that

Z nP* sup |X] — X¢|” < 400 as.
n>1 te[0, T]

Gilles Pagés (LPSM-SU) Simuler avec biais 2024-2025 40 /150




Univariate discretization schemes for diffusions

Proof (end)

@ Which in turn implies (by taking ¢/-)

— 1
P-a.s. sup |X{ — X¢| = o (—a) as n— +oo. O
te[0,T] n

@ The proof for the stepwise constant Euler scheme follows exactly the
same lines since an additional v/1 + log n term plays no role in the
convergence of the above series.

@ Exercise. Prove the result for a finite starting value Xp.
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Question

o Is it possible to improve such strong LP-rates achieved
with the Euler-Maruyama schemes 7
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One dimensional Milstein Scheme

@ Motivation: higher order scheme to improve the strong rate of

convergence.
t

@ We consider the SDE = X; = x + / o(Xs)dWs for simplicity.
0

@ |dea: expansion in small time t — 0 taking advantage of o
differentiable. [t6's Lemma implies
S 1 S
o) =00 + [ I (X)dX, + 5 [ 0" (X)),
0 0

S 1 S
— o(x) + / o' (X)W, + - / o (X))o (X, )du
0 0

J

-~

:OL2(IP>) (s)
o(Xs) = o(x) + oo’ (x)Ws + OLz(P)(S)

= O(s) if oo’ is Lipschitz.

since (Exercise!) H/(UJ(XU)—JU’(X))dWU ;
0
2024-2025 43 /150
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Univariate discretization schemes for diffusions

so that
t
X, = x+ / (O’(X) + oo’ (x)Ws + O(s)) dW
0

= x4+ o(x)W,+ 00 (x WadW, + 0(t2)"
N——

4
Euler term

New term =~ O(t)

/
Xe = x+o(x)W;+ Uaz(x) (W,_? — t) + “O(t%)”.

@ Combined with the propagation by the Markov property, this suggests
to define the Milstein scheme as follows:
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Definition (Discrete time Milstein scheme)
Xm// XO;

k+1

T
Xml/ Xmll_|_ b(Xml/)_|_ ( ml/) /;ZII(‘I_H-

+1<m KA (Z00) 1)
where Z] = \/7(th— Wy ), k=1,...,n.
or, equivalently, Xm’/ Xo
Xg = Xg" + — b( XZ") + o(XF") (Wep | — Wep)
‘|‘%O’O’ (Xm'/)((Wt£+1 — thr;)2 ~ ) k=0,...,n—1.
Simuler avec biais 2024-2025 45 / 150

Gilles Pages (LPSM-SU)



Univariate discretization schemes for diffusions

@ Or, by grouping the drift terms together,

Milstein scheme (bis)

T 1
Xm/l XmI/ + ; (b(Xmll o 500 ( mll)>

k+1

oo [T 1
+o(X5") ;Z,g’+1+§aa’( X7")— (Zk+1)2, X = Xo.

@ Remark. If 0 = og is constant then, ¢’ = 0 so that

Xmll XEuler |
@ Example. Black-Scholes model dXi=r Xidt + o XedWs, Xg=x9 > 0.

T o2 T
mil . mil mil " mil mll 2
Xgl = X+ e XP— o XpIAWy , + X ((Awtm) ~ ;)
2 2
L mil o T 2
= X (l—l—(r—?);—kaAth —(A k+1) )
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Genuine Milstein scheme

@ Like for Euler scheme the genuine Milstein scheme is obtained by
letting the time and the Brownian motion evolve between two
discretization instants while the coefficients b and o remain frozen.

@ The genuine Milstein scheme reads

- . - . — . 1 — .
Xtmll _ X£m11+(t_£)(b(x£m/l)_50_0_/(X£mll))

_ 1 _
+o (XM (We — W) + 500/(X£1'/)(Wt — W)?

Xr = X
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Theorem (Strong LP-rate for the Milstein scheme)

Assume b and o lie in C1(R,R) with bounded, auy and av,-Hélder
continuous first derivatives respectively, oy, oy € (0,1].

(a) Discrete time and genuine Milstein scheme. For every p€ (0, 400),

there exists a real constant Cp , 7, > 0 such that, for every Xo € LP(P),
independent of the Brownian motion W, one has

1+«

T 2
] < ChoTp <F>(1+HX0H,,)

<

o mil.n
max ‘th—th" ’
0<k<n k k

sup | X¢ — )?{"”’”‘
te[0,T]

‘ p

where oo = min(ap, ).

(a’) In particular, if b’ and o’ are (bounded) and Lipschitz continuous,

—_ -l
| max ’Xt[j — X7 ’"‘

£ S
0<k<n k

sup | X¢ — )_Q””’”]
te[0,T]

-
‘ < Cpbo,T— (14 Xoll,)-
p n

4
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Good news for Euler |

Corollary

If o = o9 # 0 and b is differentiable with a bounded Lipschitz derivative b/,

then (with obvious notations) (X£“); = (X™"); so that, for every

pe (0, +00),

v eul,n
%

< MaxX ‘th — Xeu,jn
p 0<k<n k k

> eul
< || sup [ Xe — X7
te[0,T]

\
.

p

< Cp,b,a,T;(l + | Xoll,)-

Gilles Pages (LPSM-SU)
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. but not so good for the stepwise constant
Misltein scheme!

Theorem (Strong LP-rate for the stepwise constant Milstein scheme)

(b) Stepwise constant Milstein scheme. As concerns the stepwise constant
Milstein scheme

v mil,n v mil,n
(X )te[o,T] — (Xg )tE[O,T]

one has (like for, hence not better than, the Euler scheme!)

sup ‘Xt Xmll n‘
te[0,T] P

.
< Cor(L+ 161,)y) (1 + log n)

@ Think to X = W so that Xm” W; and X m” = Wep.
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