Variance reduction techniques

Multidimensional case

o Let X = (X!,...,X9), =:=(=,...,29): (Q, A, P) — RY, square
integrable random vectors.

EX=meRY\ {0}, [E(Z)=0eRd

o Let D(X) := [Cov(X', X/)]1<ij<d and D(Z) denote the covariance
(dispersion) matrices of X and = respectively.

D(X) and D(Z) >0

i.e. positive definite symmetric.

@ Problem: Find a matrix A€ M(d, q) solution of the optimization
problem

Var(X — A=) = min { Var(X — L), Le M(d, q)]

where Var(X) := E |X — EX|* = min,cza E|X — a|2.

Gilles Pagés (LPSM-SU) Simuler sans biais 2023-2024 82 /145




Variance reduction techniques

@ Solution: 1
A= [D(E)]_ C(X, =)

where o
C(X, =) = [Cov(X', Z)i<icd,15j<q-

o Examples: Traded assets S; = (S},...,59), t € [0, T].

— Options on various baskets

d
X=(> 0SS -K| ,i=1...4d
j=1 N

(with usually > «9]’: = 1 for every i).
Remark. Also produces an asset selection which helps for hedging.

— Portfolio of forward start options

—Sf')+ i=1,....r,j=1,....d
T; y 7"'77./ AR

+1

X' = (],
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Variance reduction techniques

Antithetic (second round: direct approach)

o If X L X e [2(P), Var(X — X') >0, then m, =EX =EX".
Optimal control variate by dynamic regression optimization reads:

(X + X’) _ Var(X) + Cov(X, X')

min Var (AX + (1 —\)X’) = Var 5 5

AER

@ Denote x, = Complexity(X). Assume now x, ~ x,, and

X+ X
_ AT with  k,, ~rk, + K, ~2k

2
X 2 X!

\-
@ (Back to) Practitioner’'s aim ?
Minimize the complexity to approximate m,

subject to Var(estimator) = £2.

. ~; /!
o Compare the estimators X, and X .
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Variance reduction techniques

o For X,,
X, = Mg, and Var(X,,)= Vaj"\gX)
Let M = M(e) = Var(X) be such that Var(X,,) = 2. Then
K, Var(X)
X, — =2
@ Likewise, for Y”:
K, Var(X") Var(X) 4+ Cov(X, X’) 1
X, = -2 = 2k - > -2
o X" should be selected iff fxr < Kx, i.e.
— K, Var(X") < K, Var(X)
— 2x, Var(X) + Cov(X, X) < 5, Var(X)

2
<~ |Cov(X,X') <0.

@ Hence the name antithetic for such couple of random variables.
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Variance reduction techniques

Co-monotony

Proposition (co-monotony)

Let Z: (2, A,P) = R, let ¢, b : R — R monotonic functions with the
opposite (resp. the same) monotonicity. If p(Z), ¥(Z) e L&(Q, A, P).
Then

Cov(¢(Z),9¥(Z)) <0 (resp. = 0).

Furthermore, equality holds if and only if o(Z) =E ¢(Z) P-a.s. or
W(Z) =Ey(Z) P-a.s.

Applications. (a) Let T : R — R non-increasing s.t. Z d T(Z). Let
X =(Z) and X' = p(T(Z)) with k, > k7.
XZX  and Cov(X,X')<O.

(b) Usual examples: T(z) = —z, T(z) = L — z. [Think to N(0,1) and
u([o,1]) ]
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Variance reduction techniques

Importance sampling: abstract paradigm

o Let (E,&, ;1) be a o-finite measured space, say (R?, \y), (N, m.),
(C([0, T],RY),P\) (Wiener measure).

o Let X: (2, A, P) = (E,E) be an E-valued random variable. Assume
its distribution

P, =f.u, f:E— Ry, measurable.

@ How to speed up the computation by simulation of

E h(X) = /E h(x)P, (dx) = /E B F()u(dx)  where he L1(P,)?

@ Let g be p-a.s. positive probability density function on (E,£).

5hX) = [ HFCu(e) = [ i) (x)

E g(X)
= h(Y)f(Y) whnere g
- E< £(Y) ) nere Y=g
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Variance reduction techniques

@ In order to compute E h(X) one may implement an MC simulation
based on Y (supposed to be simulable) i.e.

Eh(X)=E USALICON I Zh(Y f(y" a.s.
g(Y) M—>—|—ooM (Yk)

® Assume Ky, =~ Ky and kf/p K Kp.
@ Why or when doing that ? Clearly iff

h(Y)F(Y)
Var( 2(Y) )<Var(h(X)).

or, equivalently

E

h(Y)F(Y))? 2
(4540)] <y

@ A priori...not very tractable. ..
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Variance reduction techniques

@ As
(h(;—/() »f/()y)f / (h(;zigx))z g(x) (k)

2f(X)
JROR= =Ty

— B [H0PL(X)]

E

condition also reads,in terms of X,
f'
E [h(X)z—(X)] < E h(X)?.
g

@ Still not so tractable. ..

@ But we keep the principle:

Change the r.v. to reduce the variance
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Variance reduction techniques

Practitioner’s viewpoint

@ We want to price a deep out-of-the-money Call option written on a
risky asset (Xt)te[o, 7]

h, = (X, — K)©  with X = x < K
e X, can be simulated but
most of the copies h(Tm)of h. will be ...0 !

@ Huge loss of energy (complexity): though E h_ is small, it induces an
explosion of the relative StdDev: if

Z £ Ber({0,1},p), p= 0, EZ = p, Var(Z) = p(1 - p)
so that

/Var(Z 1—
ar(2) P i p— 0.

A 5 as

@ Importance sampling has been devised to defeat this rare event effect.
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Variance reduction techniques

Toy-Example: mean translation on Gaussian r.v.
o Let X; = (X},...,X), t€ [0, T], be a d-dim Black-Scholes model.
@ Onehase ""Th_ = p(Z2), Z g N(0; 1)

122 dz
Compute  Ey(Z) = / o(z)e T 92
R (27)2

o Idea: mean translation: Let #€ RY. A standard change of variable
1212 dz

Eo2) = [ e(ae

-, z=u+0
(2)>

Ep(Z) = eT]E(gp(Z n e)e—w'M)).
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Variance reduction techniques

Connection with Importance Sampling

02
e_|y29| ] ]
o Let g,(y) = —, yeRY e R and Zy = Z + 6.

(27)>

@ Then

Ep(Z)=Ep(Z) =E (@(ZQ)EZEEZ;) = eeleE(go(Z + Q)e—(9|Z+9))

0]2
since é(z) = e 0D+

8o

@ Note the there is no need to know 27 |
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Choosing a good ¢
@ Starting from

Ep(Z)=E [ I - 012) (Z+9)]
the question is: finding a good 6 i.e. such that
2
V(0) :=E [ - ~012) (7 + e)] < E¢(2)2.
@ Heuristic approach (guided by the intuition on rare events):
Move Z where things should happen
» Black-Scholes model 1D: u = r — "72 and
XX =xgexp(uT +ocW7)=xoexp(uT + 0V TZ), g N(0;1).
» (Deep) Out-of-the-money Call:
p(z) = e_rT(XO exp (uT + 0V Tz) — K)+, ze R with x < K.
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Variance reduction techniques

@ ldea 1: Move Z = Zy to Zy = Z + 0 such that
E [X() exp (puT + aﬁzg)] ~ K
I.€e.

log(xo/K) +rT
oV T |

@ ldea 2: Move Z = Zy to Zy = Z + 6 such that

01 =

IP>(><oe><p (uT+aﬁ(Z+9)) < K) — %

which yields

log(xo/K) + 1 T
0> = — .

oV’ T
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Variance reduction techniques

Numerical experiments |

@ r=0,06=0.2 x=70, K=100. Callgs ~ 0.248
@ Crude MC (6 = 0):

StdDev 3.0311
~ —127.9320
Callgs \/0.2482
@ ldea 1: 01 ~ 1.7834
StdDev 0.1517
~ —1~1.2110
Callgs \/0.2482
@ Ildea 2: 0, ~ 1.8834
StdDev 0.1410
~ —1~1.1369
Callgs \/0.2482

Gilles Pagés (LPSM-SU) Simuler sans biais 2023-2024 95 / 145



Variance reduction techniques

Numerical experiments Il
@ Optimization in 67

6

62

2
Figure: Out-of-the-money B-S Call: 0 — E [e"T e~ 02 p(Z + 9)}

o Hmin = 2.5

Std \/0.1149 1~ 0.0318

Callgs _ V 0.2482
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One step beyond ?

@ Heuristics is not so bad...in 1-dimension.
@ In higher dimensions (basket, index, etc), intuition is no longer clear.
@ Try to take advantage of the optimization problem

» Glasserman et al. (1999): Laplace's method formula 4+ Large deviation
techniques lead to a deterministic optimization problem. But needs
regularity on .

» Pre-processing optimization ? Solving

min [V(e) —F (e_|9|2 e=2012) (7 1 9)2)] .

» Numerical experiments suggest that V is convex. In fact, the reverse
change of variable z/ = z — 0 yields

V() = e T R (*(2)e @)
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Variance reduction techniques

@ As soon as ¢ Z 0, the formula
16]2
V() = e E (¢2(Z)e—<9|2>) .
implies
» V is strictly convex and |lim V/(#) = +oo by Fatou's Lemma.

10| =400

» Hence

argmingps V' (0) = {0.}.

» 6 is no longer inside o. ..
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Variance reduction techniques

@ V is differentiable and
VV(9) = e3PE ((9 - Z)gp(Z)ze_w'Z))

o Then {VV =0} = {6, }.

@ lterative zero search ? Unfortunately no growth control, because of
e~ 012) inside the E .

@ Third change of variable: z = u — 0 yields

VV(0) = PR (02(Z - 0)(26 — 2)) .

o VV(0) =0iff E [p*(Z —0)(20 — Z)] =0.
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A gradient descent?

@ Self-growth control:

2(7 _
VV(9) =0 iff gm:w:ff;4%

(20— 2)| =o0.

o Gradient descent (sort of)?
> g has linear growth (... under natural assumptions on ).

» V is strictly convex implies

(g(0)]6 — 0,) = (1 + p(—0)2)e~" 2 (VV(0)|0 — 6,) > 0if § £ 0,.
Then
(9n—|—1 — Hn — Yn+1 g(en) — 9*

with a step sequence (7V,)n>1 satisfying >+, = 400 and
>0 Va < too.

@ Unfortunately. .. Not implementable !!
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A stochastic gradient descent?

@ Get rid of the expectation: .

o Simulate i.i.d. copies (Z,)n=1 of N(0; Iy) (by Box-Muller's or
Marsaglia’s polar method).

@ Implement: (Lemaire-P., AAP, 2010). Initialize 6y € R9 and

902(2 —01)
1+ 90(_9n)2

(9n—|—1 = 0p — Yn+1 (2 0n — Zn—l—l)

still with >~ v, = 400 and Y, 72 < +o0.

e Finally
0, — 60, as n— +oo.

(with a Central Limit Theorem at rate /7, under appropriate
conditions so that v, = - seems a good family of steps).

@ But the story is not so simple as for the rate. ..
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Variance reduction techniques

Batch versus adaptive. ..
Keep in mind that

1612
Ep(Z)=E |e 2 e Wy(Z+0)].
Like for dynamic control variate by regression, two possible approaches:

@ Batch estimator: pre-processing of “size” M yields 8 = 8,,,, followed
by crude MC of size M, M’ < M.

o Adaptive estimator (Arouna-Lapeyre):

|9/<—1|2

M

1

Y e e alp(Z 4 6,)
k=1

(Note the shift of —1 between Z; and 0;_1).
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Stratified sampling

o Let X: (2, A,P) — (E,&).

o Let (Aj)ics be a finite E-measurable partition of the state space E
(the strata)

@ Assume that the weights of the strata
pi =P(Xe A;j) >0, iel, are known
@ Assume that
LIX|XeA)Z pi(U), UZ[0,1]7, rre NU {oo}, i€ I.

where ¢; is explicit. (Note that r; = r€ N* in what follows).
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o Let F: (E,&) — (R, Bor(R)) such that E F?(X) < 400
@ |dea 1:Then, by elementary conditioning,

EF(X) = ZE(I{XEA}F X)) Y P E(F(X)| X € A))

el el
= ZP/ F((p, U)))
i€l

@ Idea 2: Since all F(p;(U;)) have not the same variance, why not
adapting the size of the devoted MC simulation on each stratum?

@ Let M be the global budget of the simulation. Set M; = g;M, i€ I.
@ Define the following (unbiased) estimator

M.
— 1 ’ ..
F(X)M = Zpi MZF(SOI(UII()% (Uik)i,k i.i.d.
iel k=1 )
=k 1 Pi2 2
o Then Var [ F(X),, :WZ_-UF”'
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Variance reduction techniques

@ where, for every i € |/,

N

0% = Var(F(go,-(U))) = Var(F(X) | X € A)).

@ Optimizing the sample path allocation to each stratum amounts to
solving

2
: Z Pi 2
min —O'Fi
(gi)eS ’

icl

where S := {(q,-),-ele Rﬂr LD el 9 = 1}.

ai
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A sub-optimal choice: g, =p;, i € |
@ Why 7 the weights p; are known | And

S Pot = Y piok,
iel ! icl
= Y E(1ixeay (FX) — E(F(X)IX € A))?)
el
P,'2 2 2
Y Lot = ||F(X)—E(FX)| A
icl qi

A =o({X € A;}, i€ l)) is the o-field spanned by {X € A;},ie I

o Consequently, the constant E(F (X)) being .A;-measurable,

P,2 2
> ok <||F(X) = E(F(X))||; = Var(F(X))

with equality if and only if E(F(X)|A4;) = E F(X) P-a.s.
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Variance reduction techniques

Optimal choice.
@ Simply solve the above minimization problem !!
@ We start from

2 2
Schwarz Inegq.

e\ 262
> piori| = Zpl\jqii"\@ < ZP';F" > a

el icl icl

2 2
PiOF,i

Y

di

icl

e With equality iff
gt . = PiOF,i
F,i — )
" D PiOF

e,

and a resulting minimal variance E PiOF.i
el
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Variance reduction techniques

@ Note by the way

N[

oFi = [ (]X—IE(X\{XE ANI? | {X € A,-})}
> E(|]X - E(X|{Xe A})||{X€ A})

IE( F(X) — E(F(X)|X € A)) y1{X€A})

B Pi
so that, owing to Minkowski's Inequality,

2
(Z p,-aF,,-> > ||[F(X) —E(F(X)|o({X € Ai},ic ) Hf.
iel
@ ...which show the magnitude of the possible gain, compared to the
choice gq; = p;;
@ The gain lies in between
|F(X) —E(F(X)|A)||? and [|F(X) —E(F(X)] 4)].

@ Unfortunately, the local inertia 0,2:,- are unknown. ..
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Example: Computation of E F(X), X 4 N(0; Iy)

o Strata: A :={x€RY st. x; = (e1|x) € [yi—1,¥i]}, i=1,....N
with

1

pi =P(X € Ai) = P(Z€ [yi-1,5]) = Po(yi) = Polyi-1) = -

@ Then
L(X|X1€ [a,b]) = L(Z]|Z € [a, b]) @ N(0, I4—1)

where the intra-strata simulation can be performed by inverting the
conditional c.d.f.:

L(Z|Z € [a,b]) £ 05 ((®o(b) — ®o(a))U + o(a) ), U L2([0,1]).

@ Requires an accurate tabulation of function ®g.

@ One can refine by considering hyper-rectangles. . .
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