Variance reduction techniques

Static Control variate

@ Back to business: killing the variance.
o Let X, X' € L5(Q, A, P) satisfying

EX=EX"=m e R\ {0}, Var(X), Var(X’'), Var(X — X') >0
@ Question: Which random vector (distribution...) is more
appropriate?

@ (Not so) Naive answer: if both X and X' can be simulated with an
similar complexity, the one with the lowest variance. .. /.e.

X if  Var(X) < Var(X’), X' otherwise

@ So what ?
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Variance reduction techniques

Practitioner’s viewpoint
Definition
Let =€ L5(Q, A, P) such that:

(/) E= can be computed at a very low cost by a deterministic method
(closed form, numerical analysis method like PDE),

(/i) the random variable X — = can be simulated with the same complexity
as X,

(iii) the variance Var(X — =) < Var(X).

Then, the random variable
X =X-=4+E=
can be simulated at the same cost as X,

EX ' =EX=m and Var(X')= Var(X — =) < Var(X).

A random variable = satisfying (i)-(ii)-(iii) is called a control variate for X.
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Variance reduction techniques

Variant (pseudo-control variate)

@ When X > 0, one often replace (iii) by
(i) 0<=< X

@ It is NOT a control variate but it often works. . .

Gilles Pages (LPSM-SU) Simuler sans biais 2025-2026 51 /145




Variance reduction techniques

A useful tool: Jensen’s inequality

Theorem (Jensen’s Inequality)

Let X : (2, A,P) — R be a random variable and let g : R — R be a
convex function. Suppose X and g(X) are integrable.

(a) Let B be a sub-o-field A,
g(E(X|B)) < E(g(X)|B) P-a.s.
(b) In particular considering if B = {(), 2}

g(E(X)) <Eg(X).

Remark. To memorize, think to the simplest convex function i.e. |.|
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Basket option

o (X1, .. ,Xtd’Xd)t>O models the price of d positive traded risky
assets.

@ The payoff of a basket option reads
+

d
hT = ZO&,’X;’X" — K ,  a; >0, ZO&,’ = 1.
=1 I

@ By convexity

. d
0< e21<i<d ajlog(X7™) < E OCI.X;}XI'
i=1

so that
0< k

T T*

i,x; +
= (ezl<f<d0" ogXr ) _ K) < h

@ It suggests to set = = k. as a pseudo-control variate.
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Variance reduction techniques

Phase I: in search for = (in a B-S model)

@ In a correlated d-dimensional Black-Scholes model:

] 2 q ]
th,Xi:X,-exp (I’—%)t—F O','J'W# ,tE[O,T],X;>O,i:1:d,
j=1
q
where 0%2202 i=1,...,d. Then
j=1

Ij
o bXiy d d
elacicd ilo8(X7 ") & gaZtb 5 peR 7 = N(0;1).
@ More precise (elementary) computations yield
d
e—rT]E kT — C&HBS <H Xl-aie_% (Zi:l:d aidﬁ_a*gg*a)T’ K, r /(I*O'O'*Oé, T)
i=1
where, the celebrated Black-Scholes formula is given by
Caﬂgs(Xo, K, r,o, 7’) — qu)o(dl) — e_rTKq)o(dz)

2
with di = , d2=d1—0‘\/7_'.
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Variance reduction techniques

Phase Il: Joint simulation of e™""(k,, h,)

@ Write in an explicit way

(kT7 hT) — (w(zliq)a ‘P(Zl!CI))v Zl!q g N(O; IQ)

@ The resulting pointwise estimator of the premium is given, with
obvious notations, by

—rT

d M
CaHBS (H Xl-aie_% ( D ic1d OéiO'f_a*o'o-*a) T, K, r, /CV*O'O'*O[, T>—|— eM Zhgm)_kg_m)
i=1 m=1

where

plm) — (m) = 90(21(:'2)) — zp(Zl(:'Z)) are independent copies of h. — k_

and the Zl(:";) are simulated by the Box-Muller method (or the polar or
Zigurat method. . . ).
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Variance reduction techniques

Asian option: Kemna-Vorst control variate

1 T
@ Asian (path-dependent...) payoff h. = ¢ (T T / det) > 0.
— 10 JTy

@ Then if ¢ is increasing, Jensen's Inequality applied to the probability

175,71 TftTo (no interest rate) and the convex function exp yields

1 T
h. > k.= (exp( T /T Iog(Xf)dt>) > 0.
0

2
o If X} =xe 2z T7Wt (B-SI) then log X is a Gaussian process.

@ Closed form for [E o(X) implies closed form for [E k..

@ = = k_(pseudo- conrol variate) and hopefully Var(h,. — k) < Var(h..).

o Efficient if joint simulation of (h,, k,) is possible i.e. of
(fTTO W:dt, f7TO f( Wt)dt> is. But needs time discretization (see book).
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Variance reduction techniques

Pros: Can be coded with the payoff in the pricer.

Cons: Needs a closed form hence brain time.
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Dynamic control variate
o Let X, X'€ L5(Q, A, P) satisfying
EX=EX"=m,eR\ {0}, Var(X), Var(X’), Var(X — X’) > 0.

@ Question: Which random vector (distribution...) is more
appropriate?

e Naive answer: if both X and X' can be simulated with a similar
complexity, the one with the lowest variance. .. i.e.

X if  Var(X) < Var(X’), X' otherwise

Could we provide a more ambitious answer ?

@ Like keeping the best from both?

@ Let us start by a typical example from finance.

Gilles Pagés (LPSM-SU) Simuler sans biais 2025-2026 58 /145



Variance reduction techniques

Parity equations in an AOA market (short
background)

@ Market satisfying AOA with (at least)
— one risky asset (St)tcjo. 7] (With So = sp) defined on (£, A).
— a riskless asset SO = e~'t (for the sake of simplicity).
— The/A risk neutral probability, denoted P satisfies

S; =e ™S, is a P-martingale.

o If h. > 0is a European payoff, (we already used that)

Vo =e "TEh,.
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Vanilla Call-Put parity
Callp=e ""E((S; — K)*) and Puto=e""E((K-S,)").
Hence
Callp— Puty = E|eT((S, — K)t — (K — ST)+)]

— Ele (S, - K)]
— E§T —e"TK
so that, by the martingale property,

Callg — Putg = sp — e "TK

since (gt)tE[O,T] is a P-martingale.
Callp =EX =E X’
with
X=e (S, —K)" and X i=e""(K-S)"+s5—e K.
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Variance reduction techniques

o (K-S )" +se’” — K is called a synthetic call.

o Complexity. As spe’’ — K is instantaneous to compute

Complexity (X, X") ~ Complexity(X)=~ Complexity(S. ).
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Asian Call-Put parity

@ At Toe [0, T) starts the averaging interval [Tg, T].

1 T "
Callp = e ""E S.dt — K
=0 ° ((T_TO To t ) >

1 T i
Putp=e ""E[ [ K — dt |
utp S (( T—To,/TOSt ) )

@ Using that S;=e 'S, is a P-martingale and Fubini's theorem yield

1 . e—r(T—To)
A —r
Calld'® — Putd® = s (T-Tg) e "K.
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so that

Callf* =EX =EX’

with
1 T i
X = e Sedt — K
° (T — To To t )
1 — e—r(T—To) 1 T T
X' = —eTK+e K- / Sedt | .
T oTy ¢ T ( T—ToJ5,™"
Complexity.
Complexity (X, X") =~ Complexity(X)
since computing once sp 17?;_(9_0;0) — e "T K is negligible w.r.t. simulating
T
S:dt.
To

Remark. In both cases, the key is the P-martingale property of S;.
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Variance reduction techniques

Variance reduction by linear regression

> General problem For every A€ R, set

XN = (1=XN)X+ X satisfies E(X*) =m

Minimizing the (convex) function A — ®(N) = Var(X?)

> Reformulation with =.

For convenience, set

=X - X' so that XM =X —-\=
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Variance reduction techniques

Then, the convex function

®(N\) = A*Var(Z) — 2 X Cov(X, =) + Var(X)

atteins its minimum value at Ay, with

. Cov(X,Z) B Cov(X’, =)
Amin = Var(Z) : Var(=)
and
ov(X, =))? ov(X'. =))?
r2n|n ; Var(X)‘m'“) Var(X) — (C VEEjE’E))) Var(X') — (C Vz(;((é) )

Note that Cov(X, =) = 0 iff Var(X) = Cov(X, X’) iff X = X’. Hence

m,n < min (Var(X) Var(X'))
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Variance reduction techniques

More precisely,if px = denotes the correlation coefficient of X and =

Omin = Var(X)(1 — px =) = Var(X')(1 — pk =)-

A more symmetric expression for Var(X*=in) is

Var(XOVar(X)(L - 3 )
(Var(X) — Var(X’))2 + 2/ Var(X)Var(X’)(1 — px x)

min

1+ px x

< \/Var(X)Var(X’) 5

How to use that ?
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Variance reduction techniques

Back to Examples

@ Vanilla Call-Put parity:

X=e"T(S.—K)t and Z:=e 7S — 5.

and
Complexity (X, =) ~ Complexity(X).

@ Asian Call-Put parity:

|11
]
A7
Q.
~
|
S

and

-
Complexity (X, =) ~ Complexity(X) >~ Complexity ( / St dt> :
To
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Variance reduction techniques

@ Antithetic variables: if, furthermore, X d X' then
EX==FEX?—EXX

and
E=2—=E(X — X')2 = EX2_—2EXX' +E(X')?
= 2(EX*-EXX) = 2EX=.
Hence
1 X+ X
Amin = 5, X Amin — >— and omin = =(Var(X) + Cov(X, X)) < Var(X).

Example: X = f(Z) and Z g1z, (Le R),
X = f(2), =:=f(Z)—f(L—Z) with ==0.

Warning! If Complexity(Z) < Complexity(f(Z)|Z) then
Complexity (X, =) ~ 2xComplexity(X) ...

[To be continued. . . |
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The naive approach
==X — X|

o Let (Xk,X.), k > 1, be (simulated. ..) independent copies of (X, X’),

@ Set, for (a large enough fixed) integer M > 1:

s lve _:iﬁxz
M - k:1—k M - Mk:1 k—k
CM
o=
@ Then \,, = Anin P-a.s. so that
R = as
Mkzlka:XM—AM:

x a M — Hoo0.

o Cons: biased estimator since E (), =,,) # 0
Gilles Pages (LPSM-SU)

Simuler sans biais

2025-2026 69 / 145



The “batch" approach (Glasserman)

o Compute a rough estimate A , of Anin on a (small) sample of size
M’ < M using the above formulas.

o Let (Xk, X)), k > 1, be (simulated...) NEW independent copies of
(X, X'), =k = Xk — X (hence independent of A ,). Then compute

1 Ny o s.
O XM =Xy =, 5, T EX=m, as M= oo

@ This time E ()\M, _M) — 0 and there is no more bias.
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Variance reduction techniques

Recursive implementation

@ We admit that

C,, L2(P)
A, = M4 > Amin-
M VM

e Note that (C,,) and (V,,) can be computed recursively from
(C,_,,V,_,) and (XM,XI(/,).

@ Then set for every k > 1

X;:/ =X, — A 15, = = (1 - )\k—l)Xk + )\k—1X/:'
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Variance reduction techniques

o Let Fy :=o(X1, X{,..., X, X ), M > 1, denote the filtration of the
simulation. For every k > 1,

E(X;:/ ‘ ‘Fk—l) — E(Xk ‘fk—l) - )\k—lE(Ek "Fk—l) — m

E(X"—m)|F,_,) = Vaf(Xk/\)M:Ak_

1
= O\, ) 'E O(Amin) = min ().

/!

M
1
o Let X = 7 ;XL’. Standard arguments from martinagle theory
show
Theorem (Unbiased estimator and CLT)
/!
(a) X, > m a M — +oo.

(b)m(Y:\;—m)gN(O;(ﬂ) as M — +oco.

min

o
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Variance reduction techniques

@ Keep in mind that:

— In our "Parity” examples = is involved in the simulation of X.

Hence the complexity of the simulation process is not increased.
/!

— Updating A, and (the empirical mean) X
Hence,

is (almost) costless

The complexity remains the same.
Warning ! This not rue for antithetic. . .
@ When the complexity is doubled, the method is efficient iff

(%) o2 < %min(Var(X),Var(X’)).

@ Antithetic method:
» Var(X) = Var(X’)
= 0r2nin = %(Var(X) + Cov(X, X))

» hence (%) is satisfied iff Cov(X, X’) <0
» Okeg if X =¢(Z), ¢ torland ZL T(Z), T |, X' =o(T(2)).
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Variance reduction techniques

Vanilla Black-Scholes Calls: regular versus
synthetic

Of course a toy-exercise |

> Model parameters:

T:]_, 50:100, I’ZS(%)7 0'220%,K:907,120

> MC parameter:

M = 10°
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Variance reduction techniques

0.015

0.01

-0.005

-0.01

---> Call(s_0,K), CallPar(s_0,K), InterpolCall(s_0,K)

-0.015
q

K

-0.02 1 1 1 1 1 ]
90 95 100 105 110 115 120

Strikes K=90,...,120

Figure: Black-Scholes Calls: Error= Reference BS—(MC Premium).
K =90,...,120. —o—0-0- Crude Call (X ). ——s—— Synthetic Parity Call (X').
> Interpolated synthetic Call (X").
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