Basic Monte Carlo simulation

Strong Law of large Numbers and ...

Theorem (Strong Law of Large Number (SLLN))

> Let X, k > 1, be a sequence of i.i.d. copies of X such that IE X is well-defined
Then

M
~ 1 a.s.&I1
XM ::MkE_IXk — mX:EX as M—>—|—OO

> More genreally, if E1)(X) is well-defined, then

M
]- a.s. 1
ME P(Xk) & Ey(X) as M — 4o0.
k=1

@ Notations: := stands for a the definition of an object.

@ This suggests to go back on the scenario space w and use simulation
to approximate [E X.

@ Physical device...? Not realistic. . .

@ On a computer ? Needs normalization.
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Basic Monte Carlo simulation

@ How to work on the scenario space, even if X takes infinitely many
values 7

o Write X = ¢(U), U uniformly distibuted over [0, 1] or [0, 1]¢ where ¢
is made explicit, X can be simulated and . ..

e Note that if U = (UY,..., U?) has U([0, 1]9)-distribution
= Ul,..., U9 are independent and U([0, 1])-distributed.

@ Why not use (repeated) simulation?

@ Hence everything relies on simulating independent realizations of the
simplest continuous law:

U([0,1]) = 10,4 (£)d¢)

@ Once again, how?

@ History: the idea goes back to Buffon (Buffon's needle) and for
practical implementation to Stanislas Ulam during WW Il for atomic
and then H-bomb.
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Basic Monte Carlo simulation

Simulation: random (?7) numbers

@ What should they be: not so clear. .. Say, binary digits
@ Physical device to “draw’/“sample” at random sequences of 0 and 17

@ Not reliable and, in any case, too slow for computational matter.

Switch to random numbers generated on a computer?

@ Little theoretical suport.
@ Random = algorithm complexity = O(sample size).

@ Logic approach: any specified sequence of numbers is not random.

Leads to/suggests a less ambitious statistical approach ...
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Basic Monte Carlo simulation

Pseudo-random numbers |

@ A sequence (xp)i1<ncn of pseudo-random numbers is

» an as perfect as possible imitation of a generic sample path of
(Un(w))n>1, U, iid. with 2([0, 1])-distribution (defined on (2, .4, P)),

» generated on a computer

» with a low computational cost.

@ What does generic mean 7 The scenario w lies in any event of
probability 1 of interest. ..

» Not so clear because N < o0 !

» whereas asymptotic statistical frequentist properties are requested
(averaging, de-correlation, etc)

» In particular, for every not too large d,

(Xd(n—1)41 - - - ,Xd(n_1)+d)n<N/d is a good imitation of i.i.d.copies of 2/(]0, 1]¢)

» Toolbox DIEHARD (Marsaglia, 1998).
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Basic Monte Carlo simulation

Pseudo-random numbers ||

@ By arithmetic means, one may compute congruational pseudo-random
numbers of the form

>xn:& Yoi1 =aypn+b mod N, a0 mod N,

N7
> N prime = o(a) =N —1in (Z/NZ)*.

@ Needs good choices of (very large) prime N, ae€ {1,..., N —1} and b,

@ N is a prime Mersenne numbers (among 2P — 1, p prime) e.g.
N — 219937 _ 1

@ ~> Mersenne twister random number generators.

www.math.sci.hiroshima-u.ac.jp/~m-mat/MT/emt.html

@ Standard random numbers generators for FORTRAN, C++, Matlab,
Python, etc, have improved.
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Basic Monte Carlo simulation

60000 pseudo-random numbers (texture)

Yt P
i%‘n,?gg,ﬂ ST DR By PR O Ky W WRRASEES S bt?t.
e eSOl

A R NS S Y ’Wﬁ?;?;ﬁ“iﬁ"#» e Rty
el b ?‘ : d@'@;ﬁfﬁ?wﬁw*b&uﬁ?;aﬁ ‘%’iﬁg{;’
; \ﬁvgﬁ\f‘ ‘v"'v‘!':‘" A

-
- i

Ly

Y

Gilles Pagés (LPSM-SU) Simuler sans biais 2025-2026 20 /145




Basic Monte Carlo simulation

Fundamental theorem of simulation: theory and
practice

@ Theory:

Theorem (Fundamental theorem of simulation)

Any random variable X : (2, A,P) — (E, &) Polish space can be written

X =o(U), UZu(0,1]) where ¢ : [0,1] — (E, &).

@ Practice:
» If Fx(u) =P(X < u), ue R, cumulative distribution function (c.d.f.),

d _ d
X< (Fx)en(U),  UZU([0,1)).
> Thus X £ E(N), Fx(x) = (1 — e ™)1 1,501, A > 0, so that

x4 _Iog(l —U) a4 _Iog(U)
N A - A
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Basic Monte Carlo simulation

@ Usually, such a ¢ is not known. More often there exists a computable
¢ such that

X=0pU), UZu(o,1]9) o £ u(fo,1]™)).

Ex: Box-Muller method for bi-variate normal distribution (see later on)

v/ —2log U (cos(2mUs), sin(2m U»)) 4 N(0; I).

o [0,1]0) = U [0,1]¢ set of finite [0, 1]-valued sequences.
d>1

o(u) = V(r(u),ut, ..., ™)) where 771(k) e Bor([0, 1])

corresponds to Von Neumann Acceptance-Rejection method.

Ex: Polar method (Marsaglia), compete with Box-Muller for N'(0; ).

@ However, usually, no closed form, no approximation by cubature
formula (due to high dimension d).
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Definition (Monte Carlo simulation “0")

Monte Carlo simulation can be “defined’ as

(1) Representation of X as X = ¢(U), U g U([0,1]9), d€ N* U {0}

(2) Generate M independent copies X = p(Ux), (Uk)k>1 i.i.d. with
distribution 24([0, 1]9)

(3) Compute d x M independent copies uy, ..., u,, of the uniform
distribution over [0, 1] using pseudo-random numbers, packed d by d
as follows (U(k—_1)d+1:kd), K = 1: M. Compute the arithmetic mean

M
1
my ~ IV Z ¢(U(k—1)d+1:kd)
k=1

(4) Forget about “pseudo-" in pseudo-random numbers of step (3) and
think about vy = Ux(w) and X,,(w), for a generic w. ..

v

@ Question. M how large ? (with M < N /d of course! Say < 10%N /d)
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Basic Monte Carlo simulation

Rates of convergence

@ X, as an unbiased estimator of m, .

Mz
||

k:

e Quadratic (L?-rate of convergence: MSE and RMSE).
It is a non asymptotic quadratic exact rate due to independence (no
correlation is enough)

HYM _ mxHi — HYM - Eym”i =k (YM - EYM)2
= Var(y )
= ZV&I‘ Xk) = MVar(X)
Var(X)

X = mylly =

M
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Basic Monte Carlo simulation

or, equivalently,
o
X

xll2 = \/—M
with o, = \/Var(X) and Var(X) = E (X — EX)? = E X? — (E X)?.

-~

|X,, — m

standard deviation

e Weak rate of convergence.
The weak convergence is ruled by the Central Limit Theorem (CLT)

VM (X —my) <5 N(0;02) = 0,7, Z < N(0; 1)
as M — +o00. We will come back on this crucial result.

@ Strong a.s. rate of convergence.
The Law of the Iterated Logarithm (L/L) provides an a.s. rate of
convergence, namely

. M _
I Xy —m) =20, as.
ImM\/2|og(|og M)( M my) = Fo as
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Basic Monte Carlo simulation

Weak convergence (very short background)
@ Definition: (Y,,)m>1 sequence of random variables.
Y, £, Y., a M—= +oo
if Vf € Chounded(R,R), EF(Y,) > Ef(Y,)

@ Extension: Let

Disc(f) = {x€ R : f is discontinuous at x}.

Proposition

(a) If Yu N Y_, f:R — Ris bounded and P(Y,, € Disc(f)) = 0, then
Ef(Y,) = Ef(Y.).

(b) Thus, if f =1k ki and P(Y_ =y) =0, Vye R, then Disc(f) = {K, K’} so
that IP(YOO c Disc(f)) = 0, Hence, as M — 400,

IPD(YME [Kv K/]) — ]E]-[K,K’](YM) — IBj’]-[K,K’](Yoo) — ]P)(Yoo S [K7 K/])
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Application to CLT

@ How to use the CLT ?
VM (X —m) =5 N(0;02) = 0,2, Z2 N(0; 1)

@ Assume o0 = o, > 0. For every z€ R,

2
P(0Z =z) =P(Z = z/0) = [, € 2 <% = 0. Hence

P (\/M X = my e [b, a]) =P(VM(Xy — m,) € [ob,ca])

o)
CLT&(b)
—

P(cZ€ [ob,0a]l) as M — +oc
=P(Z € [b, a]).
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Basic Monte Carlo simulation

Confidence intervals |

@ The convergence in distribution of the CLT means that for every real
numbers b < a,

lim P (\/M YMU_ "x ¢ [b, a]) imare P(N(0;1) € [b, a])
= ®g(a) — Po(b)

X 2
where ®g(x) = /_OO e % \;/2% denotes the c.d.f. of N(0; 1).

@ Keeping in mind ®g(x) + Po(—x) =1, a>0, b= —a.

Ii,\r”nIED (\/M XM = My € [—a, a]) fmares 20g(a) —1 =P(|N(0;1)] < a

O-X
@ Confidence level o. Let g, be the two-sided quantile
P(IN(0; 1) < gu) =a  i.e. 200(g.) — 1 = a.
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Basic Monte Carlo simulation

@ Define the random interval

_ oo — %
Jom(w) = | X, (w) — qa \/—XM,XM(w) + ga \/XW] :
then P{w :m, € Ja,M(w)}) = P (W‘XMO_ | < Qa)
X
M — o0

— P(N(0;1)] € ga) = .
o J, v is asymptotically a confidence interval for X,, at level a.

@ Rate of convergence in the CLT

Theorem (Berry-Essen (and Shiryaev))
If Xy € L3(P), o, > 0, the rate in the CLT is ruled byVn> 1, Vxe R,

_ CE|X; —EXi]* 1
P(vVM(X,, — < —d < .
( ( mx) Xax) O(X) Ui\/m 14+ ‘X’3

@ It turns out to be again 1/vVM.
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Basic Monte Carlo simulation

Confidence interval Il

@ In practice the standard deviation o, is unknown. But
M

_ 1 _
V = - X — X )?
M M_]_;(k M)

= _1ZXk——XM

Y25 EX2 - (EX)? = Var(X) = o2

by applying twice the SLLN.

@ Why M — 1 and not M ? To be unbiased i.e. EV,, =02 | We don't care in
Numerical Probability.

@ Confidence interval:

_ V. |V
Il = | X, (W) — qa WM,XM(w)Jrqa VM ~ Jo M-
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Basic Monte Carlo simulation

Monte Carlo simulation |

Definition (Monte Carlo simulation I)
Simulate X1,..., X

-
@ Define a confidence level o€ (0, 1),
e Compute X,,,
e Compute V,,

@ Design the (empirical) confidence interval

- v, - v,
ot = | Xy(W) = o \[ 7 Xy(W) + Ga\[ 77 | -

In fact one also has that

P({w: mx € lom(w)}) "=5° P(IN(0;1)] € ga) = o
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Basic Monte Carlo simulation

Monte Carlo simulation |l

@ It is just another point of view

@ Starting from the obvious

Definition (Monte Carlo simulation Il)

Define an RMSE ¢ > 0 (quadratic error).

Define a confidence level .

: ~ v .V 2
Simulate Xi,..., X, and compute X, and V, until -/t = 25'

Compute the confidence interval.

o = [X, — & X,, +¢].

v
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