Warning (what should never be done)!

@ If using two independent samples (Zy)x>1 and (Zk)k>1 of the

distribution of Z to simulate copies F(x —¢,Z) and F(x + ¢, Z).
@ Then,

vy 3 P E )
— 4/\;52 (Var(F(x—|—€, Z)) + Var(F(x — &, Z)))

_ Var(F(x, 2))
- 2Me2
@ The asymptotic variance of the estimator explodes as ¢ — 0 so that
2 Std(F(x,Z
€ 9
RMSE ~ [f"],. — + (F(x 2)) >
"2 evV2M
@ Leads to unrealistic constraint M(e) o< €7 to keep the balance
between the bias and variance term (one hundred times more simulations!).
e Equivalently to switch & ~» £/4/2 and M ~» 8 M to reduce the error by

a 2-factor.
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Examples (Greeks computation) I.

@ Sensitivity in a Black—Scholes model.
» Vanilla payoffs h: R, — R viewed as functions of N(0;1) distribution

F(x,z)=e ""h (x e(r_az_z)T+"ﬁZ) , ze R, xe€ (0, +00),
» If his Lipschitz continuous, then
F(<',2) = F(x", 2)| < [luiplt’ — x"|e™ % THo/T2
» Elementary computations show, using that Z 4 N(0; 1),

VX', x"e€R, ||F(x,Z) = F(x", 2)|, < [AlLplx — x"|e= T.

2
g

» Regularity of f follows from an easy change of variable (x =r — %-)

2 dz oo Goglx/v)+uT?  dy
f(x) = e_rT/ h(xe“TJ”’ﬁz)e_? = e_’T/ h(y)e™ — =277
) 8 Nez o "V yoarT

The second integral appears as a

%—convolution on (0, +00).

» Hence f is infinitely differentiable on (0, +00).
> So that f(¥) are loc-Lipschitz Lipschitz on (0, +00).
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Examples (Greeks computation) II.

@ Diffusion model with Lipschitz continuous coefficients. Let
X* = (X{)tepo, 7] denote the Brownian diffusion solution of

(SDE) — dXt — b(Xt)dt -+ O'(Xt)th, XO — X

where b and o are Lipschitz.
o We should instead write F(x,w) = h(XX(w)).
@ Lipschitz continuity of the flow of the above SDE yields

Vx, X €RYIF(x ) = F(¢ ), < Coolhluiplx = X7

where Cp , is a positive constant only depending on the Lipschitz
coefficients of b and o.

Also holds for || - ||sup-Lip path-dependent functionals.
Regularity of f(x) = E F(x,w) is less straightforward. ..

@ Holds in two situations: > h, b and o are regular enough to apply pathwise
differentiation of x — F(x,w)
> or o satisfies a uniform ellipticity assumption o > ¢ > 0.
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Examples (Greeks computation) Ill. Euler scheme,
path-dependence.

@ Euler scheme of a Brownian diffusion model with Lipschitz continuous
coefficients. The same holds for the Euler scheme. Furthermore,
Assumption (128) holds uniformly with respect to n if L is the step
size of the Euler scheme.

@ F can also be a functional of the whole path of a diffusion, provided F

is Lipschitz continuous with respect to the sup-norm over [0, T] i.e. is
| - ||sup-Lipschitz functional from C(]0, T],]Rd) SR
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| Univariate discretization schemes for diffusions_Multivariate schemes and challenges Weak error_The Brownian bridge me
Singular setting

@ Above setting often testifies of laziness (no excuse now with AAD. . .)

@ But in the case of singular setting: f is differentiable at x but F(.,Z) is not
[*-Lipschitz.

Proposition (Singular setting)
Let x€ R.

@ Assume that F satisfies an L*(P) -Holder assumption, 6 € (0, 1] in the
neighbourhood of x: there exists a positive real constant C,, . ,

VX', X" € (x —eo,x+0), ||F(X,2Z) = F(x",2)||, < Cuoro1x = x"I".

@ f is twice differentiable with " Lipschitz on (x — €0, x + €0).

@ Let (Zk)k>1 be a sequence of i.i.d. random vectors with the same distribution as Z.
@ Then, for every e€ (0,e0), the RMSE satisfies

M 2 Cc2
1 F(x+e,Z,)— F(x—¢,Z g2
) — =3 ( K) — F( k) il (1, S| + —_Hebrz
M = 2¢ P 2 (2€)2(1=0) v
2
S0P o (2e)1-0 /M

v
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N Practitioner’s corner

@ To divide the error by a 2-factor

e~e/V2 and M~s2279M =217 4Mm

@ Exercise. Prove the above Proposition.
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| Univariate discretization schemes for diffusions_Multivariate schemes and challenges Weak error_The Brownian bridge me
Example, part |

@ Pricing digital option/hedging a Call option in a B-S model.
> Let
h(€) = lie>ky

2
g

> Set u=r— % and

F(x,z)=e ""h (X e“T+"ﬁz) ,z€ R, xe (0, +0)
» Premium given by

f(x) =EF(x,Z) = e—fTIP(x erT+oVTZ 5 K) with  Z < N(0;1).

> As Z < —Z (with &g the c.d.f. M(0;1)) we get
f(X) _ e—rT]P)(X et T+oVTZ > K)

_ e_rT]P’(Z S _Iog(xéi\(/)%k ,uT) _ e_er)o(Iog(Xét(/)?—l_ ,LLT).

> Hence the function f is infinitely differentiable on (0, +00).
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Example, part Il
@ Still using Z 4 —Z, for every x, x' € R,

2
—2rT

|F(x, Z) — F(X’,Z)Hz =e 1{ Iog(x/K)—HLT} - 1{z> log(x /K)+pT
2
2
—2rT
=e T By og(x/K) T\ T Ly _log(x’ /K)4uT
{z< T } {z<te s
2T log(max(x, x")/K) + uT log(min(x, x")/K) + uT
. <¢0( TV TITY gy (‘om0 21T

@ Using that (&) = koe S /2 is bounded by kg = \/% we derive that

5 /ﬁjoe_er
I, <

2 ov T
@ Consequently for every interval | C (0, +00) bounded away from 0, there
exists a real constant C, , 7 > 0 such that

HF(Xaz)—F(X/,Z) log x — log x| .

Vx, x'el, ||F(x,Z) - F(x',Z)|

i.e. the functional F is 1-Hélder in L?(P).

. < CroTaV|X— X,
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Decreasing step shock method

@ To get rid of the bias we will introduce a decreasing step sequence
(€x)k>1 of positive real numbers decreasing to 0.

@ Consider the estimator

M
— 1 F(X+€k,Zk)—F(X—€k,Zk)
f' = — :
G /wg; 2e1

@ It can be computed in a recursive way since

. 1 [(F(x+emn, Zmer) — F(x —emur, Z —
f’(X)MH—f’(X)MJrM 1( Xt emins Zu) = FIX = mir Zmin) ’(x)M>.

2eM+1
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@ Elementary computations show that the mean squared error satisfies

Y 2
‘ _ (f’(x)—l f(x+€k)—f(x—5k)>

F(x) — F(x)

Mk 1 25/(

1 Var(F(x—I—ek,Zk) F(x — ek, Zk))
M2 48/%

@ As a consequence, the RMSE satisfies

[f//]Llp 2
) S ¢1m\ <Zsk> +C2,.
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[°-rate of convergence (erasing the asymptotic
bias)
@ How to get a ﬁ [-rate like in a standard MC simulation ? Erase

the bias!
@ The bias term will fade as M — 4+ if

M 2

1

M(Zsi) —0 a M — 4o0.
k=1

@ This leads us to choose ¢, of the for g, = o(k_%) since, then,

M M ]
p)
€5 =0 — | as M — 400 so that
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@ However, the choice of too small steps £, may introduce numerical
instability in the computations, so we recommend to choose the ¢/ of
the form

1 .
Ek = o(k_(1+5)) with small enough 4§ > 0.
@ One can slightly refine the above bound obtained:
|F(x + ek, Ze) = Fx — ek, Z4)||

25k

M Var(F(x + ek, Zx) — F(x — ek, Zk i
3 (F(x+ ) — F( )):Z

4e7
k—1 k—1

B kz“”; (f(x + sk)2;kf(x - sk)>2

— f'(x) as k — +o0,

f(x+ex) — f(x —ex)
2e

%EM: (f(x+€k)_ f(X_s")>2 — f'(x)*> as M — +o0.

4e2
k=1 k

@ Now, since

@ Plugging this into the above computations yields the refined asymptotic
upper-bound

lim

-, | < Vs - (o)’
M—+4o0 M
Gilles Pagés (LPSM-SU) Simuler avec biais 2025-2026 137 / 150




@ This approach has the same quadratic rate of convergence as a regular
MC simulation (e.g. a simulation carried out with g—i(x, Z) it it
exists).

Proposition (A.s. convergence of the estimator)

Under the assumptions on F and f made in the constant step setting and if
£k goes to zero as k goes to infinity, the estimator

A

f'(x), — f'(x) P-as. as M — +4oo0.

@ Ingredients of proof: discrete time martingale convergence theorems

(cf. poly/book).
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Tangent process and pathwise differentiability
@ Back to the standard SDE starting from Xy = x € RY:

t
(SDE) = Xt:x+/ b(s, Xs)ds + o(s, Xs)dWs.
0

@ b and o continuous on [0, T] x R
o b(t,-), o(t,-)e C*T*(RY) i.e. b,(t,), o’;(t,-) a-Hélder in x, U in t.

Theorem (Kunita's flow theorem)

(a) At every te€ R, the mapping x — X is a.s. continuously

differentiable and its Jacobian Y:(x) := VXX = [8(th)i

o satisfies

} 1<i,j<d
the linear stochastic differential system:

d t H d q t
ij 8bl X j 00',' X ]
YI(x) =05+ ) /0 5 (s, X)Y(x)ds + > > /0 “ (s, XX)YE(x)dW,
£=1

12
{=1 k=1 ay

1 < i,j < d, where §;; denotes the Kronecker symbol.

v
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Theorem

(b) Furthermore, the tangent process Y ) takes values in the set GL(d,R)
of invertible square matrices so that, for every t > 0, the mapping x — X
is a.s. a homeomorphism of RY.

v

@ When d =g =1, Yt(X) satisfies
dY) = b (t, X)) Y dt + o (£, X) Y dW,,  Y(x) =1

@ so that

t t
Y :exp( / (b (s, X2) — 3o/ (s, X2)?] ds + / a;(s,x;)dvvs)
0 0
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| Univariate discretization schemes for diffusions_Multivariate schemes and challenges Weak error_The Brownian bridge me
Applications to o-hedging

@ Tangent process and the d-hedge are closely related.
@ Set (assume r = 0)

f(x):=E h(X;().
@ The §-hedge vector of this option (at time 0 and) at
x=(x1,...,x9) € (0,+00) is given by Vf(x).
@ Representation of Vf(x) as an expectation (with in view its
computation by a Monte Carlo simulation).

Proposition (J-hedge of vanilla European options)

If h: RY — R is Borel and satisfies :
(i) A.s. differentiability: Vh(y) exists IP’X;(dy)-a.s.,
(/i) Uniform Integrability condition (Ul):

|h(XX) — h(XX)| .
< TX_X/‘ T is U.I.
|x! —x|<eg,x’ #x
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Proposition (sequel)
Then, f is differentiable at x and Vf(x) reads

Vf(x)=E [(Y@)*Vh(x;)} i=1,....d.

@ If his Lipschitz then

|h(XX) = h(XX)] < [h]Lipl X — X

is U.1. since L™ (P)-bounded [admitted]

/
X WX
g (X
| x—x| / /
|x! —x|<eg,x'#x

@ Other parameters: Let b(0,t,x) and o(0, t,x). How to proceed?
@ Trick: add a component to X

d@t:Odt—I—Oth, 00:(9

dX; = b(0, t,x)dt + (6, t, XX)dW;, X = x.
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Non-smooth payoffs: log-likelihood method
@ We know that if
XO)2 pd.y) u(dy), 0€OCR,
N——
>0 pu(dy) a.e.VO
@ then, under appropriate mathematical conditions, the function
f(0) =E h(X(0))
is differentiable with
(0) = E| h(X(6)) 2o (log p(0, X(6))) |

@ Works in a B-S but, in general p(6,y) is unknown.
@ When X(0) = X,(0) (diffusion framework) iconoclast suggestion

£(6) = Eh(X,(0)) ~ 7(6) = E h(X2(6))
@ so that (hum...)
f'(0) ~ f'(6).

@ But let’'s go (in fact no choicel).
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Back to diffusions and Euler scheme

@ Hypothesis on the diffusion coefficient o (8, )

=€ < 00™(6,€) < eoléf.

@ Hence g > d.

@ Reminder: t] = kTT k=20,...,n.
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Density of the Euler scheme
Let ¢ > d. Assume oo*(0,x) € GL(d,R) for every xc RY and 0 ¢ ©.

Proposition (Density of the Euler scheme)

(a) Then the distribution IPXX n(dy) of XX " is absolutely continuous with

respect to the Lebesgue measure with a probab///ty density given by

= A (y x——b(@x)) (00*(9,X))_1(y X— —b(Qx)>

(27 T/n)§ v/ det oa*(6, x)

pr(0,x,y) =

(b) The distribution IP( % xnn)(dyl, ..., dyp) of the n-tuple

_ n 2 tl’;’ 9 7
(X;z,", .. ,X;l(,:", ooy Xin ) has a probab///ty density given by
n o
Pen . tg(H,X Yiy--es¥n) = H P (0, Yk—1, yk) (convention: yo = x).
k=1 "
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| Univariate discretization schemes for diffusions Multivariate schemes and challenges Weak error_The Brownian bridge me
Proof

@ (a) The one step Euler scheme with step T /n starting from x reads

X1 LN (x+ Lh(8,x); 00*(8, x))

n

and the formula for the density of N'(m; ¥).

@ (b) by induction based on the Markov property satisfied by the Euler scheme
(we drop * for simplicity):

(x;z (6) | F) ) (X[,', (9)\X;L), k=0,....,n—1

k+1 k+1

and that
L(Xg,O)1X3(0) =y ) = £(X5(0) IX5(6) = v ) = B (0., yi) Aol ).

k+1

One concludes by an easy induction that, for every bounded Borel function
g: (RN =Ry,

k
Eg(XtIZH <. 7Xt7'<7) — /(Rd)k g(yla RN 7.yk)Hﬁ% (‘97)/6—17)/6)
(=1

with the convention yg = 0. ]
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N Practitioner’s corner

We derive the formula for the partial derivative:

_ dlogpl, _ _

f(G)NE<¢(X$(9)) ael """ - (0, x, é(ﬁ),---,Xé‘g(ﬁ))>

) n ) 8Iogp’; )

710) =3 (o(5010) L 0.%5(0).5500)
k=1

simulable by a path-dependent Monte Carlo simulation.
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Toward differentiation on the Wiener space:
Bismut-Elworthy-Li Theorem
Theorem (BEL'’s formula, 1980, d = g = 1 here)

@ Let X* = (X{)tejo, 1) be a diffusion process, unique (FtW)tE[O,T]—adapted

solution to
dXt — b(Xt)dt = O'(Xt)th, XO = X,

where b, o € C} (hence Lipschitz). Let o € Ci(R,R) be such that
X\2 1(ywx\)2
E(QD(XT) + (& (X9)) ) < +00.

@ Let (Hi)icio 11 be FV-progressively measurable s.t. E " H2ds < +oc.
6[ J ] 0 S

T T
XXV H;
® Then E <¢(X¢) / Hde5> — K (gp’(Xf)YT(X) / il S()) ds)
0 0 YsX

where Yt(X) = ddLX’-“ is the tangent process of X* at x.

v
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| Univariate discretization schemes for diffusions_Multivariate schemes and challenges Weak error_The Brownian bridge me
Application to J-hedge |

o If ¢ is smooth, say C},
HEp(XX) =E [¢/(X2) Y],
Yt(X)

o (X¥)
ellipticity assumption) into BEL formula

E <90(X;<_) /OT Hdes> —E ((p,(X;(_)yT/OT J(Xi)Hs dS)

(which satisfies ]EfOT H2ds < +oo under

@ Plugging H; =

yields

E

T YS(X)
) [ dW,| =E[¢(X)YOT] = T 9,Ep(X;)

o (X)
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| Univariate discretization schemes for diffusions_Multivariate schemes and challenges Weak error_The Brownian bridge me
Application to )-hedge ||

1 T Y(X)
XX) = > dW,
A T)T/o 7 (X2) }

OxE @(X?) —E

Exercise. Set b(x) = rx and o(x) = ox, 0 > 0 (B-S model). Check that
we retrieve the “weighted” d-hedge formula already established for this
specific model.
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