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@ Discrete time dynamic system
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Deterministic case

Consider a “system” evolving through discrete time.

Time represented by the variable n=0,1,....

Sate of the system at time n described by x, in E.

This system is said to be dynamic if there exists fonctions f, : E — E such that

Xn+1 = fn(xn)'

Examples
@ mecanic
@ populations
@ assets
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Controlled case

Suppose that we can act on the dynamics of this system.

Then

Xn+1 = fn(Xm Un)

where u, € C is the control chosen at time n.

Extension to the random case ?
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Markov chains

Fix a measurable space (E,£).

Definition

A probability transition on E is a family (P(x, A))(x,a)cexe such that
e A P(x,A) is a probability measure on & for all x € E.
@ x — P(x,A) is a measurable for all A€ &

We denote by P(x, dy) the measure A — P(x, A).

Definition

A process (X,)n > 0 is a Markov chain with transitions (P,), > o if

P(Xpi1 € AlXo,. ... Xn) = Po(Xn, A)

forany A€ €&.

4

A Markov chain (X,), is said homogenous if its transition P does not depend on n.
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Example of a MC

Fix (€p)n r.v. valued in some set W.

(Xn)n, process valued in E defined by Xj and the following dynamics
Xoy1 = @n(Xnygn)a VneN (1)

where ¢, : Ex W — E.
Suppose that the r.v. (g,), are IID with law z and indep of Xj

Then X, is a Markov chain with transition
Pa(x, A) = B(¢n(x,20) € A) = p{w € W;pn(x, w) € A} )

for all (x,A) € E x E.
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Functional description

Introduce the following notation: if P is a probability transition on E and
f : E — Rt measurable, we set

PAx) = / Fly) P(x, dy),

for all x € E.

Proposition
(Xn)n is @ MC with transition (P,), iff

]E(f(Xn+1)|X07 .. ~Xn) = 'an(Xn)a

for any measurable f : E — R* and n € N.

Proof. Holds for f = 14 with A C E by definition. By linerarity,holds for
f=>7_, ala,. Then pass to the limit. OJ
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Control and Controlled transition

Fix a space of controls C and a o-algebra C on C.
Definition

A controlled probability transition on E is a family (P“(x, A))(x,A,u)cExéexc) Such
that

o (PY(x,A))(x,a)cExe is a probability transition on E for all u € U,
@ (x,u) — PY(x,A) is a measurable for all A€ £.

We now define the notion of feedback (randomized) control.
Definition
@ A control is a sequence m = (a,), of measurable functions from E to C.

@ A randomized control is a sequence m = (a,,), of measurable functions from
E to P(C) the set of probability measures on C.
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Constraints on the control

We may assume that there are some constraints on the choice of the control.

In this case, we consider that for a position x at time n the constraint is
represented by a subset D,(x) of C.

We then denote by F,, the set of measurable functions f, : E — C such that
fa(x) € Dp(x) for all x € E.
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Controlled process

Given a control (a,), and a controlled probability transition P, we define the
controlled process as a process (X,), satisfying

E(f(Xn+l)‘X07 . 7Xn) = Pﬁn(xn)f(Xn)

for any n > 0 and any bounded (or nonnegative) measurable function f.

We notice that
@ the law of such a process is unique,

@ the controlled process is a Markov chain.

In the sequel, we shall denote «,, = a,(X,)
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Optimal control problem

We fix
@ a terminal time N,
@ N intermediary reward functions ry,...,ry_1: Ex C = R,
@ a terminal reward function g : E — R.

Our goal is to compute the function V defined by
V(x) = supVa(x)

where

Ve(x) = EX,W[N_lrn(Xn,an)Jrg(XN)}

n

Il
o

E, » stands for the expectation operator under the condition Xy = x and the
strategy .
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We introduce the functions Vg ,... Vi defined by

N—1
Voe(x) = EI, [ 3 (X o) + g(xN)]

k=n

and
Vo(x) = sup V,.(x)
s
forn=0,...,Nand x € E.
Observe that Vy = Viy » = g.
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Reward operators
We first introduce

M(E) := {v: E—[-00,00) | v is measurable}.
We have V, . € M(E) for all 7 and n. We do not know about V.

We next define the following operators for n =0,1,..., N — 1.

@ For v € M(E) define

(L)) = r(xa)+ / V()Paldylx.a), (x.3) € E x A

whenever the integral exists.
e For ve M(E) and f € F, define

(Torv)(x) = (Lav)(x,f(x)), x€E.
@ For v € M(E) define
(Tav)(x) := sup(Lpv)(x,a), x€E.
acA
T, is called the maximal reward operator at time n.
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Monotony of the reward operator

Lemma

The operators L,, T, ¢ and T, are monotone, that is for v,w € M(E) such that
v(x) < w(x) for all x € E we have

(i) Lov(x,a) < L,w(x,a) for all x, a,
(il) Tarv(x) < Torw(x) for all x, f,
(iii) Tov(x) < Tow(x) for all x.

Proof. Suppose that v(x) < w(x) for all x € E. Then

/ V)Paldylx.a) < / w(y)Pa(dylx, a).

Thus, L,v(x,a) < L,w(x, a) which implies the first and second statement. Taking
the supremum over all a € C implies the third statement.
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Theorem (Reward Iteration)

Let m = (fy,...,fy—1) be an N-stage policy. We have

Ve = &n
and
Vn,ﬂ = Tn,f,, Vn+1,7r
forn=0,...,N— 1. In particular, we have
Vox = Taf - Tn-1,f_,8N-
forn=0,...,N—1.
v
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Proof of the Reward lteration

For x € E we have

Var(x) = EZ,X[ rk(Xk,fk(Xk))'i‘gN(XN)}

n

=
-

»
Il

N—-1

= rlx, fﬂ(X))J’_]E:,X[E:,X[ Z fk(Xk,fk(Xk))+gN(XN)|Xn+1H
k=n+1

ra(x, fa(x))
N—1

# f Brins | 2 00 6000 + a0 Pl 00

= (o h(0)) + / Voet x()Paldy i fo(3) = Tog Vosrn(x)

The rest of the proof follows by a backward induction.
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Verification

Natural approach to find optimality: at each time n=0,...,N —1 find a
maximizer of V1.
This leads to consider the so-called Bellman equations given by

Vv = gn (3)
V, ToVae1, n=0,... N—1. (4)

Theorem (Verification Theorem)

Let (v,)N_o € M(E)N*1 be a solution of Bellman equations (3)-(4).
(i) We have v, > V,, forn=0,1,... N.

(ii) If £y is a maximizer of vp41 forn=0,1,...,N — 1, then v, = V, and the
policy 7 = (fy, fi*, ..., fy_4) is optimal for the N-stage Markov Decision
Problem.
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We prove both assertions by a backward induction on n=0,..., N.

(i) For n = N we have vy = gy = Viy . Suppose Vjy1 = Vii1, then for all
m=(fy,...,fy_1) we have

Vh = TnVn+1 = TnVn+1 = Tnf,,vn+1,7r = Vn,‘n’-

(ii) We show recursively that v, = V,, = V, r+ . For n = N this is obvious.
Suppose the statement is true for n+ 1, then

Vn < vy = Tn,f"* V4l = Tn,fn* Vn+1 = Vn,ﬂ'* < Vn .
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Structure Assumption

In general existence of an optimal policy is not guaranteed.
Need to make further assumptions about the structure of the problem

Assumption (Structure Assumption)

There exist sets M, C M(E) and A, C F, such that for alln=10,1,..., N —1:
(i) v € My.
(ii) If v € My then T,v is well-defined and T,v € M,,.

(i) For all v.€ M, there exists a maximizer f, of v with f, € A,.

Rk: if E and C are finite, Structure Assumption is satisfied.
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Structure Theorem

Theorem (Structure Theorem)

Suppose that Structure Assumption holds.
(i) Vi, € M, and the sequence (V,)N_, satisfies the Bellman equations (3)-(4)

ie.
W = &gn
vV, = sup{r,,(x, a)+ / Vn+1(y)Pn(dy|x7a)} , n=0,...,N—1.
acA
(II) V,, = TnTn+1... TN—lgN for n = 0,...,/\/— 1.
(iii) For n=0,1,...,N — 1 there exist maximizers f, of V11 with f, € A,, and
every sequence of maximizers f," of V1 defines an optimal policy
(f, fi*, ..., fy_q) for the N-stage Markov Decision Problem.
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Proof Structure Theorem

Since (ii) follows directly from (i) it suffices to prove (i) and (ii).

Proof by backward induction on n= N —1,...,0 that V,, € M, and that

Vn,Tr* - Tn Vn+1 = Vn
where 7% = (fy", fi", ..., fy_4) is the policy generated by the maximizers of
Vi,...,Vnand ff € A,
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Corollary

Let Structure Assumption hold. For 0 < n < m < N we have

m—1

Valx) = supEp | > r(Xi fe(Xe)) + Vn(Xm)]
& k=n

forall x € E.
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Theorem (Dynamic programming principle)
Suppose that Assumption 9 holds. Then we have

Vo (x) = Va(x) = Ve (X)) = Vin(Xm)  PI, — a.s.,

forx e Eand0<n<m<N, ie if(ff,...,f5_;) is optimal for the time period
[n, N] then (fy, ..., f5_1) is optimal for [m, N].

vy

Proof. From Reward Iteration Theorem and the definition of V,, we have

Vn(X) = Vn,Tr* (X) = Tnfn* cee Tmfl,i‘"n’j_1 Vm,ﬂ—* (X)
m—1
= E’;}[ (X, ) + v,,,,,r*(xm)}
k=n
m—1
< E’;j;[ re(Xi, k) + vm(xm)} < V(¥
k=n

where we have used Previous Corollary for the last inequality. This implies
By Vi (Xm) = Vin(Xm)| = 0

which gives the result.

Idris Kharroubi  (LPSM SU) RL MDP DUFE 26 /31



Example: consumption problem

An investor decides at each time 0,..., N — 1, how much of the capital is
consumed and how much is invested into a risky asset.

The consumed amount is evaluated by a utility function U as well as the terminal
wealth.

The remaining capital is invested into a risky asset

The state x of the system is here the available capital.
The action a = f(x) is the consumed amount of money, constraint 0 < a < x.

The reward is given by U(a) and the terminal reward by U(x). Hence the aim is
to maximize

N—1
E7[ 3 U(R(0) + UOw)]
k=0
where the maximization is over all policies © = (fy, ..., fy—1).
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Denote by Z,;1 the random return of our risky asset over period [n, n+ 1).

We suppose that Zi, ..., Zy are non-negative, independent L! random variables.

The utility function U is increasing and concave. Thus

Ux) < a+ox, xeR.

Then
N—1
Vi)t < supBL[ ST UR(A(W) + U (W)
k=n
N
< (N—-n+l)a+xe) E[Z]...E[Z] < +oo,
k=n
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Now let us assume that U(x) := log(x) for all n and gn(x) := log(x).

Moreover, we assume that the return distribution does not depend on n and has
finite expectation E[Z].

Suppose that Structure Assumption is satisfied. We then apply Structure
Theorem, and we get Viy(x) = log(x) and
VN_1(X) = TN_1 VN(X)

= su log(a) + log(x — a) + E(log(Z
sup. {1og(a) + log(x — 2) + B(log(2)}

2log(x) — 2log(2) + E(log(2))

where the maximizer is given by f5_,(x) = %X. Now by induction we obtain
Vi(x) = (N—n+1)log(x)+ds, 0<n<N

where dy = 0 and
N—n
dn = dn+1+(N—n)E('Og(Z))—'Og(N—”+1)+(N_”)'°g(N—n+1)’

and we obtain the maximizer £ (x) = = x.
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Finally we notice that Structure Assumption is satisfied by taking
M, = {veM(E)| v(x)=blog(x)+ d for constants b, d € R}
and

A, = {feF,|f(x)=cxforceR}.
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